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ABSTRACT

Analysis and interpretation of medical data is oftentimes challenging due
to intrinsic and extrinsic reasons. Two of these are presence of noise (ran-
dom or deterministic) in the data, and the infinite anatomical, functional
and physiological variability of the data obtained from seemingly identi-
cal sources. In particular, the study of the human brain, its structure and
metabolism is cluttered by vast differences between any two brains and the
unavoidable existence of noise, with (usually) unknown characteristics, mixed

with the real signal.

In this manuscript we exploit two main problems; Identifying the regions
of activation in single or multi-subject human brain functional studies, and
quantifying the performance of various image-registration (warping) meth-
ods based of functional or structural single or group data. To address the
first problem we develop a Sub-Volume Thresholding (SVT) technique that
determines the statistically significant regions of activation in functional volu-
metric data (PET, SPECT, fMRI). The second problem 1is approached from
a "transform-analytic” point of view; We convert the image-space warp-
characterization problem into a wavelet or fractal (transform) space ques-
tion. The reasons behind quantifying warp performance in transform space
is that we can view various discrete transformations as good compression
and denoising tools. For example, we propose a frequency-adaptive wavelet
thresholding nonlinearity which exhibits some optimality properties in terms
of stripping off the noise components of the signals and at the same time
extracting the essence of the data in a robust and concise manner. We show

X
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a number of examples illustrating the methodology and the results of apply-
ing our models for analyzing image-alignment of anatomical MRI data and
determining the activation sites, under different stimulation paradigms, in

functional PET and SPECT images.
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INTRODUCTION

A common problem in the field of computerized medical (anatomical
or functional) imaging is the automated interpretation and comparison of
images acquired from different subjects. To facilitate the process of iden-
tifying the corresponding anatomical features, or regions of activation (for
functional data), one co-registers and aligns (warps) the images to a stan-
dard reference image (target). When both images have been "warped” to the
standard reference image, they can be compared with each other. In chap-
ter I, we propose a quantitative scheme for evaluation of the performance of
different image alignment techniques (warps). "Good” warps are ones which
maintain a maximum amount of local image similarity between the initial
image and its warp (thus minimizing the geometric distortion of the initial
data), yet transforming it to an image similar to the target (of the warp).
Our examples show quantitatively the uniform advantages of non-linear to
the linear warps. We apply these methods to study various polynomial and

other highly non-affine displacement fields.

In many clinical studies based on functional imaging there is a need for
accurate, fast and robust techniques for extracting the "pure” signal from
noisy data (image with low SNR - Signal-to-Noise-Ratio). For example, in
Positron Emission Tomography (PET) and functional Magnetic Resonance
Imaging (fMRI) the real signal may represent about 10% of the information

content (Worsley et al, 1992), making data interpretation very difficult.

In the second chapter we introduce, implement and test a new technique
(Sub-Volume/Sub-Image Thresholding) that allows for (spatially) variable

1
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thresholding of the data based on prior anatomical and/or functional in-
formation about the images. This algorithm is less conservative than the
Bonferroni's procedure test, but more conservative than a uniform T — test
on the entire image. We consider an image as being composed as the union
of a number of sub-images (such a decomposition can reflect certain struc-
tural or physiological prior information about the data). For each sub-image
we derive an estimate of the variance of its average, and use this estimate
to determine the statistical significance of the activation over the sub-image
of interest. For the sub-images where this significance level is high enough
we search for the location(s) of the activation site(s). We also derive close
mathematical forms for the correction factors of the variance estimates for
rectangular (geometric type) partitioning. We discuss classes of permissi-
ble covariograms studied by Christacos [1984], Matern [1986], Cressie [1991]
and others. We prove that the class of continuous functions we use in our
Sub-Volume Thresholding (SVT) model induce valid covariance function-
als. Then we present a number of examples illustrating the use of the SVT
methodology.

A new wavelet thresholding scheme is introduced in the third chapter.
This approach yields "almost-optimal” function estimators in the sense of
achieving close approximations of the ideal risk. Combining knowledge from
the areas of wavelet analysis, decision theory and parameter estimation we
address the problem of numerical evaluation of different image-alignment
algorithms on groups of volumetric data sets. Qur "frequency-adaptive” soft-
thresholding nonlinearity induces estimators whose risk values are within
In*~N of the ideal polynomial risk using an oracle. This upper bound is
similar to the one of Donoho and Johnstone, but it is obtained by a different

"frequency-adaptive” wavelet shrinkage strategy.
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CHAPTER I
TRANSFORM METHODS FOR ANALYZING STRUCTURAL IMAGES

An increasingly important problem in the area of medical imaging is
pattern and feature recognition. Radiologists, neurologists, and cardiologists
who study human anatomical or functional scans are faced with the same
questions: What are the similarities and the differences between two images
of the same modality? How can differences in these images be detected
(identified and quantified), when the PSNR (Peak Signal to Noise Ratio) is
very low (often the real signal contributes < 10% of the data set, the rest
is noise)? How do we find and match the statistically significant regions
of activation in different functional data sets? This chapter we introduce a

mathematical framework for approaching some of these questions.

We begin by reviewing the theory behind the discrete fractal transform
(DFT) and the discrete wavelet transform (DWT). (Observe that we use the
notation DFT for the fractal transform, which differs from its usual use for
the Fourier transform). More mathematical detail is found in the follow-
ing references: Barnsley, 1988; Daubechies, 1988; Dinov and Sumners 1996;
Fisher, 1995; Mallat, 1989. In Sections 1 and 2 we discuss analysis and syn-
thesis of signals using these discrete transforms. Our transform-based models
are developed in Section 3. This section also contains the first application of
the transform methods - quantitative comparison and identification of im-
age similarities and dissimilarities. To illustrate these ideas we present two
examples: One containing a set of 4 positron emission tomography (PET)
brain scans of three different subjects; the second example contains 10 mag-

3
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netic resonance imaging (MRI) brain scans of two subjects. In both cases we
wish to see "grouping” and clustering effects induced by the numeric char-

acterization of the transform models, and to detect which scans belong to

which subjects.

Resolution enhancement and image magnification techniques are dis-
cussed in Section 4. We give examples to show the utility of the fractal

based technique for blow-up of low-resolution images (like PET scans).

The most important application of our transform-based models is the
quantitative evaluation of image registration techniques. Section 5 is devoted
to classifying various 2D and 3D polynomial and other non-affine warping
algorithms.

Before we begin, however, we would like to comment on the rationale
behind using discrete transform approaches for the study of medical im-
ages: First, some transforms are "resolution independent” - the DFT, for
instance. This means that once we encode (analyze) a signal we can re-
cover (synthesize) it at any (higher or lower) resolution. The second point
is that transforms of images allow comparison of unregistered signals. For
example, a "more complex” version of the DFT could be developed which
is rotation, scale and translation invariant. Third, both the DWT and the
DFT are useful data compression techniques, so applying such transforms to
the data can be viewed as a tool for reduction of data complexity. These
transforms extract biologically relevant information from images in a rapid
and concise manner which allows numeric quantization of the images and

their similarities.

1. The Discrete Fractal Transform

4
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1.1. Mathematical Preliminaries

To make this chapter self-contained we begin by stating a few defini-
tions and some well-known results that provide the foundation for fractal

approximations of signals.

Definitions 1.1.  Let (.X.d) be a complete metric space and U : X — X be a mapping,

then:

() Lip) = sup W21 Ul22))

is called the Lipschitz constant of [';
1 #r,r,EX d(l'l,.tg)

(2) U is called a Lipschitz map if Lip(U) < x;

(3) U is called a Contractive map if Lip(U') < 1, Figure I;

(4) For r € X and A C X the distance between r and A is defined by dist(z, ) =
inf{d(z,a) :a € A};

(5) If A. B C X, the Hausdorff metric

ha(A, B) = sup {dist(a. B), dist(b, 4) | a € A, b€ B} =

= max {inf{e [ B C Nbhd(A,¢€)}.inf{e | A C Nbhd(B.€)}}
where Nbhd(A,¢) = {r € X|dist(z. A) < €} is an e—neighborhood of the set A C X:
(6) U is a Similarity map (similitude), if

d(U(J_‘l), U(.B'_))) = Sd(.L'[,.Bg),VJ.‘[,L"_’ e X

and the similarity factor s is strictly between zero and one.

Note that the Hausdorff metric (acting on subsets of X) can be very
sensitive to small changes. For example, if A = BuU {a}, where a ¢ Nbhd(B,¢),
then h4(A, B) > e. Thus a difference of a single point could effect 4. On the
other hand, the usual metrics (acting on X, like the L? metric) are not so

sensitive.
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Figure 1. Example of a contractive map.

Lemma 1.2. If (X,d) is a complete metric space and H = H(X) = {§ C

X|S is compact}, then (H, hq) is 2 complete metric space, where hy is the Hausdorff metric.

Proof: | See Barnsley, 1988, Theorem 1, p.37].

Theorem 1.3. [The Contractive Mapping Fixed-Point Theorem] If (X,d) is a complete
metric space and U : X — X is a contractive map then there exists a unique £ € X such

that I is the fixed point (the attractor) of U, i.e.
r=0U(z) = lim UU(...(U(z,))-..))
n-—+oo

for any z, € X.

Proof: [Fisher, 1995).

Theorem 1.4. [Hutchinson, 1981, Theorem 3.2.(1)] Let (X, d) be a complete metric space
and (H, hq) be the set of all closed and bounded subsets of X, endowed with the Hausdorff

6
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metric, hq. If w; : " — R", { = 1,2,---, k, are contractive with Lipschitz constants
k

s;i <1, foralli, then W = U w; : H — H will also be contractive with Lipschitz constant
=1

s =max{s; : 1 <i<k}.

k
Note that YA € H W(4) = | J wi(A), where wi(4) = {w(a)] a € A}. Also,
i=1

because all w; are contractions they are continuous mappings and w;(4) € A,

vi. Thus W(A) € H.

Theorem 1.5. [Collage Theorem] Suppose (X, d) is a complete metric space and U : X —

XX is a contractive map with a Lipschitz constant s and fixed point £. Then, for any £ € X

d(z,3) < d(z,U(r))

l—s
Proof: [Barnsley, 1993].

Example 1.6. Skew Koch-type Curve. This is an simple example of a Hutchinson operator
consisting of 3 similarity maps, each of which is a composition of translation, rotation and
re-scaling, with (different) contraction coefficients all less then one, Figure 2. The three
contractions map the set of the previous iteration onto a new set, according to the rotation,
translation and re-scaling, induced by the three maps from the Initiator tc the Generator.

The final attractor looks very similar to the set obtained on the 7-th iteiaiiuwu.

step O step 1
Initigtor Geng'ator __/\
step 2 _/\{\/\ step 7 m,‘a}

Figure 2. A Skew Koch-type curve.

7
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Theorem 1.7. Let E be a compact subset of R*, 0 < s < 1 and § = min(s, | — s). Then,
for any € > 0, there exists a positive integer m, and a collection of similarity maps w; :
R™ — R™ with contraction coefficients s; < §, (d(wi(z), wi(y)) = sid(z,y),VYz,y € R™),
such that if F = W(F) is the fixed point of the Hutchinson operator W = 0 w;, then
hae(E, F) < e. =

Proof: Let 0 < s <1, s=min(s,1 ~s), ¢ >0 and E € H. Choose m = m(e) so
that there exists a collection of m balls {E; = B(e:,r:)}™,, centered at e; € E

of radius r; < ’;‘ for 1 < i < m that cover E. Then

EC|JE: C Nohd (E, 54—6) (1)
i=1

For t <i< mlet w; : E — E; be any similarity with Lipschitz constant s; < 3
(note that we can choose such similarity maps since 0 < s; < 5§ and w; need

not be onto). Then d(w;(z), wi(y)) = s;d(z,y); =,y € E and
wi(E) C E; C Nbhd (w;(E), 5e) . (2)

The first inclusion in (2) is clear. To show the second one we use the triangle
inequality for the metric hq. Suppose a € E;\ Nbhd (wi(E),5¢). Then two things
follow: first d(a,e;) < r; < TT‘, where E; = B(e;, r;); and second - for all e € E,
d(a,w;(e)) > Se¢ (remember the metrics d and k4 coincide for singleton sets).

We obtain the following contradiction

5e < d(a, wi(ei)) = ha(a, wile:)) < ha(wi(a), wile:)) + ha(wila),a) <

~

se Sse ..
<2r,~+2r,-<?+?=se,

since a,e;,wi(a), wi(e) € E; and diam(E;) = 2r; < 2:4—‘. This shows that E; C

Nbhd (w;(E),se). Finally, using (2) and (1) we have that

0 wi(E) C O E; C Nbhd (E, i—f) (3)
i=1

=1

8

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



E C | E: | Nbhd (wi(E). 5e) (4)

i=1 =1

Using (3) and (4) and the properties of the Hausdorff metric we obtain

hq (E’, U w,-(E)) < se. Thus, the Collage theorem yields:

i=1

he(E, F) <

LY E’Ow-(E‘) <— ge<
1—s ¢ ’i=1 ! S1=s%¢=E
m
where F = W(F) = | Jwi(F) is the invariant set of W.
i=1

A

These results provide the theoretical foundation for approximating sets
in R® by fractal sets (Hutchinson, 1981, points out that often these approxi-
mating sets (attractors) would have non-integer dimension and thus we call
them "fractal approximation” sets).

We conclude this section with an example illustrating the power of the

contractive iterative dynamical systems as a signal approximation tool.

Figure 3. An iterative contractive dynamical system.

Figure 3 shows part of the dynamical system, induced by the Fractal
transform (reverse quadtree partitioning), the attractor of which is a fractal
image approximating the original magnetic resonance image (MRI) in the
top-left corner. The relatively simple description of the fractal signal is
the basis of the numeric image characterization we will develop in the later

9
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sections. (Top Row, left-to-right: Original, Initial fractal approximation
(null-signal), first step of the fractal approximation, third step; Bottom Row,
left-to-right: tenth iteration, 50-th iteration, final fractal approximation, and

difference between the original image and its fractal approximation.)

1.2 The ”Inverse Problem”

So far we discussed the problem of identifying the invariant sets of con-
tractive maps. Now, we will address what has come to be known as the
"Inverse Problem”: Given a set (curve, image) find a (small) collection of
contractive maps, the fixed point (set) of which is a (fractal) set approximat-
ing closely the given set. M. Barnsley was among the first to identify and
partially solve this problem in a Collage theorem setting: If W = {w;}%, are
the desired contractive mappings and z is the given set, then by Theorem
L.3,

d(z,3) < =

d(z, W(z))

where 7 is the attractor of W (W (Z) = f) and s is the contractivity of W. So,
loosely speaking, we minimize the "collage” difference (on the right). to find
W, and thus find £ close to r. Theorem 1.7 can be used as a foundation
and a motivation for the set-approximation problem. For approximating im-
ages (pictures) we use the following two claims as a starting point. In this
manuscript, the collection of maps W that minimizes the collage difference
d(z, W(z)), (whether = is a set or an image) according to some optimization
technique, is called the Discrete Fractal Transform (DFT) of z, and the at-
tractor, z, of the dynamical system induced by W is called the Inverse Fractal
Transform ([FT) of z.

Our study continues with 2 dimensional images and their fractal trans-
forms (this is readily generalizable to n-dimensional images).

10
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Definition 1.8. The Image Space: Sy = La(/ x [) is the space of the square integrable

(measurable) real-valued functions in the unit square, endowed with the normd(f) = [|f]|. =

i/ / f2dz [Folland, 1984].
Ixl

Definition 1.9. The Transform Space:
Sa = {continuous mappings : W : S, — S }.

Definition 1.10. R = {R;}[%, is called a _partition of [* = [ x [ if the R; are non-empty
measurable subsets of the unit square [ that intersect (pairwise) only in sets of measure

m
zero, and [* = U R;.

=1

Definition 1.11. If A: R® — R" is a linear operator (a matrix) and ||.|| denote the usual

Euclidean norm on R", then the norm of A is

L jax]
IlAll= sup S

Claim 1.12. If A = diag{A\:}}=,, then ||A]| = 1r?%‘(n{lz\‘l}

Proof: If x = (z,,z2,---.z,), then Ax = (Arzy, Aaza, -+, AnLn) and

> A=A

Ax] _ APz 4+ A3z2 + -+ A222
lixilz0 1] 1I1x][0 i +z3+- -+

forall | <i< n(byletting z; = 1 and z; = 0,j # i{). However, if |\;,| = jmax {|A}.

[ Ax|| A} (274234 +23)
il S e 7 = ||
ixlizo x| [1}]#0 i+ o3+ +rd
Ax||
Hence, |[A]|= sup “—-—= max {|Ail}-
A= ey T T 2

Claim 1.13. If M is an orthogonal matrix, then ||M|| = L.

Proof: < Mx,My >=< MTMx,y >=< x,y >, in particular, ||Mx]||? = |x]|2.

Thus, ||M[|= sup M _ g IX_ )
itz X1 ppxiizo [1]]
A
11
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Claim 1.14. If 4 is a2 symmetric matrix then ||A]| = max {IAil}, where {)\;}; are the
_x__n

eigenvalues of the matrix A.

Proof: This follows from the fact that a symmetric matrix is diagonal-
izable by an orthogonal matrix [Schoeider, 1987]. Thus, A = MAMT, where
M is orthogonal (||M|| = ||[M~Y| = 1) and A = diag()\;), where {\;} are the

eigenvalues of 4. Since M is a bijective linear transformation

y Al
Al = sup [lAx]l _ wp Ml _
ixlizo Xl jarxqizo 1M
MAx
= sup ——” ! “: S -———”Ax“.—_ma.x{|/\,~l}
xiizo x| txiizo x| i

JAN

Definition 1.15. The non-negative number o(A) = max{|A:i|}, where {\;} are the eigen-

values of the (arbitrary) matrix A, is called spectral radius of A.

The spectral radius of a linear operator plays an important role in func-
tional analysis when one wants to investigate iterative methods [Zeider.

1985].

Claim 1.16. For any matrix 4, ||| = /o{4A') = \/’max{i,\ﬂ}, where {\!} are the eigen-

values of the matrix A’ = AT A.

Proof: First note that A’ is symmetric: (4)7 = (ATA)T = AT(AT)T = ATA =
A’. Let {u;} be an orthonormal set of eigenvectors of 4’ = AT4. Then vx €

R®, x = Zai(x)ui and AT4x = A'x = Za;(x)A’ui = Zai(x)/\iu;. Expanding

i=1 i=1 i=1
n

Do lax) x> fe(x) PN
— i=l

Axll: — xTATAx _ i=l _ — u
> lai(x)|? > las(x)?

- xtx
i=1 =1

. Therefore,

the quotient L.

2
A|]? = sup “ﬁ% = o(4’), since for all i, if x = u;, then ||A]> > |X]. And if
[Ix||#0

|Ai, |2 = max{|Ai|}, then obviously [|A|]? < |A,|.

12
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A

These simple results will play an important role when we talk in details
about the contractivity of the maps wym .}, which will turn out to depend
only on the norms of their linear factors (Apm a;).

Let R = {R;}%, be a fixed partition on I*. Suppose we are given D; C I
and affine maps v; : D; — Ry, vi(z) = Ai(z) + b, which are contractive, (0 <
llAill < 1,Vi), one-to-one and onto. Then for all i, (based on the L,-metric),
we showed that [|4;]| = \/W, where {)/;} are the eigenvalues of the
symmetric matrix A} = ATA;. So, to insure that the maps »; bring points
closer together in space we only require that all of the eigenvalues of the
matrices 4] are less than one (in absolute value).

Note: This contractivity requirement

'y = .
dA)—{wﬁﬂf%%H“%J}<l (5)

yields also that 1> ||A;]| > |det(4;)| for each i. For clearly,

II .

1<j<n

= |det(A})] =

2 _ ’ / ! —
L> {14l = max {IAjil} 2 1., sl _¢H Pl =
J¥*Imazx

= |det(AT )||det(A:)| = |det(As)[?
This fact will be used in Proposition 1.18 to show that the Hutchinson oper-
ator W (defined below) is contractive on S;. In practice, the matrices A; are

often symmetric (or even diagonal) and (5) is easy to verify.

Definition 1.17. Let {s;}%., be a collection of contraction scaling coefficients (0 < s; <

1,Vi), and {o;}_, be a family of offset factors. For f € S; define W : S; — S by

k

k
W=Juw and W(f)=Juwilf)

i=1 =1

where wi(fip.)/r. = sif(v]') /R, + 0i.
Note: W is well-defined since a composition of measurable functions is
measurable and W(f) has a finite L, norm because f € S;. In fact, to avoid

13
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misinterpretation in the above definition we use the "lowest-index-maximum-
priority” scheme when we evaluate the resulting image (W/(f)) along the
intersections (boundaries) of partitioning sets. With this restriction it is
obvious that W is well-defined and (by Proposition 1.18) contractive. Hence,

W has a unique fixed point in the image space.

Proposition 1.18. The Hutchinson operator W defined above is a contraction on the

image space, S:.
Proof: Let f,g € S,. Then §*(W(f), W{(g)) =

=||W(f) -W(gll; = /{ (W) - W(g)(z))* dz =
k
=Y | (W(H(z) - W(g)(z) dz—Zus.f(u )R, +0i — sig(v7 ) R, — 0l =
=1 R,

k
= Isil 157 )R, — 907 R, £ 5m lef Tro— 907 R0,

=1 =1

where s, = max |s;| < 1. Therefore,
1<i<k

k
SAW(FL W) < sm > /R (F(o7H(2)) = 97 (2))) da
i=1 s
Changing the variables, r = v(y),

k
SAW(), W(g) <5m 3 /D (F(y) — 9(u))* ldet(4)ldy =
i=l '

—stIdetH)lZ/ ~9(y) dy <

=1

k k

<smAn 3% / ) g

Jj=1i=1

where A, = max |det(A;)] < max ||4:]] < 1, by the choice of the maps v;. Finally,
1<i<k 1<i<k

U

i=1

k
EWAWE) <smand [ 4w\ () - o) dy €
i=1 R n( )

14
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k
<smin 3 [ U0) = 90) dy = smAm(£.9)
j=1" R

This also yields that the contractivity factor of W is s, Am.

A

Probably the best known example of an image encoded by a small collec-
tion of contractive maps is the Fern of M. Barnsley [Barnsley, 1988]. Using
only four affine similarity maps [Fisher, 1995] Barnsley was able to produce
an self-symmetric attractor resembling a real fern. Figure 4, shows the first
3 recursive iterations of the four contractions and the final (stochastically

obtained) fractal fixed point.

L L Wo

Figure 4. Barnsley’s Fern.

Claim 1.19. Fractal signals (images that could be realized as attractors of contractive
(Hutchinson) operators on S)) are dense in the signal space. That is, for every image in
Sy, there is an image that is the fixed point of a contractive mapping on Sy, and which is

arbitrarily close to the initial image.
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Proof: This is a trivial result, based on the fact that for any f e
and any € > 0, there exists a partition R = {R;}2., and a step function é,,

=1

approximating f, with
n
én = Z ;i XR,
=1

where ypg, is the indicator function on the set R;, and §(f, ¢,) < €. To realize

én as an attractor of a contractive map on S, we use the induced partitioning
n

R ={R}. Let W:5 — S be W(g) = Uw;(g) = ¢a,Yg € S;. So, the spatial
=1

part (v;) of each w; contracts the domain of g onto R;. The intensity part of

w; has scaling and offset coefficients s; = 0 and o; = a;.

A

Note: The above claim is only used as a motivational example of what
follows. The trivial contractive map we constructed requires a very large
number of partitioning sets {R;}, and is not interesting for either contrac-
tivity, fractal image representation or image compression. In practice, for
every R, we search for a non trivial contractive (covering) map that involves
fewer (unknown) parameters (D;, v, si, and o;). Also, one can observe that
Claim 1.19 is s special case of Theorem 1.7, where f € S, = L.[/?], E = {f} is
a singleton (compact) subset of S; and we are searching for f € $; so that

§(f, f) is small.

The following two results are interesting from the mathematical point of
view. They amount to saying that a signal and its inverse fractal transform
have the same fractal representation. This justifies the name of the inverse

fractal transform since it undoes what the fractal transform does.

Claim 1.20. Let W be a deterministic Fractal Transform based on a particular partitioning
scheme. Let Sy be the space of all functions f with compact graphs in R" such that W f is

16
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contractive. Then the following diagram commutes:

Sg X51
FD ip
51 —_— 5'_7
w

where: W(f) = W, the fractal transform of f, contains the symmetries
and self similarities of f; FD(Wf, k) = f, with | being the fixed point (at-
tractor) of the iterative fractal decoding map, (Wf(f) = f): And p is the

projection on S» ; p(Wf,h) = Wf, for all (W £ h) e S» x S;.

Proof: First we note that every fractal transform can be slightly " modi-
fied” to induce a unique deterministic n—tuple of symmetries for every signal
f € Si1. This can be done, for instance, by minimizing the distance between
R[m,n] and all possible coverings D[i, j] and then out of the remaining ones
choosing the one that is the "closest” to the line determined by the upper-left
corner of R[m,n] and (0,0).

Let (Wf.h) bein Sy x S, then p(Wf, h) = WS, and W (FT)(Wf,h)) =W(f) =
wf. Thus, to show that the diagram commutes we need only show that the
fractal transforms of f and f are equal, that is Wf= W7 .

For, since f is the fixed point of the iterative fractal decoding (FD) of f

we have W f(f) = f. By the definition of W f, see section 2,
Ftm.n) = s{ml[n] F(6™") Am.m1 + rlm][n]

Therefore, 6( f/g[m_,,],s[m][n]f(u") /Rim.n] + r[m][n]) = 0. Recall, that ¢ is a metric
and hence § > 0. We obtain that the 5—tuple of the symmetries of f, (i, j, r, s, r).
minimizes the functional §. But that corresponds (by the uniqueness of
the 5—tuple symmetries) to finding the fractal transform of f. Thus, the
symmetries and self-similarities of f are the same as those of f and Wf = W .

17
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A
Claim 1.20 can be called the "Fractal Idempotency Lemma”, because it
implies that such fractal transform techniques are idempotent (recall that
an operator P is idempotent if P> = P). And this leads us to the following

somewhat interesting result:

Theorem 1.21. Suppose we fix a particular FT partitioning scheme. Let f € §; =
{f | G(f) C R*, compact, W f — contractive}. Define the equivalence class of f in
S: by:

[fl={heS | Wh=WFf }.

Let [Sy] = {[f]If € S1} be the space of equivalence classes. Then [f] = [f], where as usual
F is the unique attractor of W f (Wf(f) = f) Moreover, [FT : S» — S defined by:

[FT(W f) = [f] is the inverse of FT : [S;] —+ Sa.

Proof: The proof is a one-liner using Claim 1.20:

W IFT W=FT
(S1] — Sa — [Si] — 52
[f] — W f — f1=(A] — Wf=WFf.

N
i=1

The above results extend trivially to the case of non-affine maps {w;}

as long as these are still contractive.

1.3 Practical Implementation - Reverse Quadtree Partitioning

In this section we discuss the fractal transform, from a practical point of
view, for discrete digital images. A Discrete Fractal Transform (DFT) of a
signal is a technique that searches for the self-similarities and self-symmetries
of an image. It can be thought of as an encoding map DFT : S, — S», where
S, is the space of the n—dimensional images (think of L? ([0, 1] x [0, 1])) and S»

18
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is the symmetry space of the signals (see below). This mapping considers
an image as being formed by copies of parts of itself (possibly rescaled and
translated), up to some intensity-level corrections. Those similar copies along
with measures of self-similarities and self-symmetries are detected and stored
in the symmetry space S, by the DFT. Figure 5 shows an example of an affine

(w(z)Azr +b: D — R) self-similarity on a PET image.

Figure 5. Example of an affine self-similarity.

To find the DFT of a signal we need to model the signal as a function.

For simplicity we will think of a signal as being a map
f:FP—®R

where I° is (say) a 2V x 2V discrete square lattice. The functional values f(i. j)

represent the intensities of the signal at the (i. j)** pixel.

We define a metric on the space §, (of the signals). called the RMS - root

19
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mean square -

i(f,9) = \J () & (=gt

(.j)er?

One way to define a discrete algorithm for identifying image similarities is
the following: Let R = {R[m, n,s]} be a quadtree family of partitions (ranges)
of (the domain) 7*, Figure 6, where m = m;2°,n = n;2*,1 < m;,n; <2V~*. So,
that for a fixed s the R[m,n,s]’s are squares of (edge)-size 2* with upper-left
corner at [m,n]. They cover I, and intersect at most along their boundaries.
Also, let D = (D[, j,s]} be the collection of squares in I* of (edge)-size 2°+!
(domains), with upper-left corners at [i,j]. Then for any R[m,n,s], in R, we
will find a D[3, j,s] in D, so that the image of f over D[i, j,s] resembles closely
the image of f over R[m,n,s]. This can be done (using affine transformations,

for example) by minimizing the functional:

J(f/R[m,n,:]v w[m.n.s](f/ﬁ[m‘n,s]))v (6)

] ap; aia 0 i bl
where wynng|Jj] =1 an an 0 il + ba . The matrix 4 =
< 0 0 s[m'nv_g] < O[m,n.:]

ayr a2 0

(a-_yl dan 0 is called the linear part of the affine map wyn .5 : Dfi, j, s]x
0 0 Simong

R — R[m,n,s] x R. Note that = = f(i,j) and Wim,n,s)(f) = Wman sl J, f)- As

—

before, umn.s : Dim,n,s] —+ R{m,n,s} is the affine spatial part of the map
Wim,n.s)s SO that wi(f)/Rim.ns] = $/Rmn.s1f (U o ) RIm 5] + O/Rmn,s)- A DOt Of
caution: the fractal transform of the image f, (W, ), would be well-defined
provided we take special care to define the operator W, : §; — Si, so that
over the set of intersection points of the ranges R; (boundary intersection,
set of measure zero) W;(f,) makes sense as an element of S;. The map vjm

that minimizes the functional (6) is called a cover of R[m, n, 5], sometimes the

domain D[m,n,s] (or even w;(f);Am.ns) is loosely referred to as the cover of
R[m,n,s]. Note that the identity maps (w;) trivially minimize (6), however,
they are not useful for our purposes since they are not contractions and

20
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amount only to a step function approximation. see Claim 1.19. We now

concentrate on finding non-trivial solutions to the optimization problem (6).

Figure 6. A contour plot of a PET image
with background Quadtree partitioning.

The Reverse Quadtree Partitioning targets best possible encoding (de-
coding). inducing a convergent (contractive) fractal transform. We start
with the smallest size partition {R[m.n.s]} - usually 2x 2 (s = 1) - and at-
tempt to cover each R[m.n.1] by a D[i. . 1] of size 4 x 4 with scaling coefficients
Ispn.n.1yl < L. If this can not be done for some R[m.n. 1] we replace the R[m.n.1]
along with its 3 immediate " closest™ neighbors by a new square R’ = R{m.n.2]
of size 4 x 4 containing the <4 smaller neighbors. This way we are going from
smaller in size R[m,n.s|'s to larger ones. Eventually. we will get all existing
R[m.n.s]’s (of different sizes) covered by D[i. j,s]’s (of twice their size), with
all scaling (contrast) coefficients [syn.n sl < 1. This guarantees contractivity
of the DF'T and best possible encoding (based on Quadtree scheme). since
the smaller the R[m.n.s]’s the smaller the difference ||z — £}, where £ is the
attractor (fixed point) of the induced dynamical system.

The rationale behind using the reverse quadtree partitioning algorithm
can be explained by the fact that. in general, the smaller the ranges the

21
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better the fractal transform (smaller collage difference). So, when we go
from smaller to larger ranges (as opposed to going from larger to smaller,
as the regular quadtree does) we obtain better transforms without worrying
about loosing contractivity. (Often, as the size of the ranges decreases the
scaling coefficients increase and we could loose contractivity).

A disadvantage of the reverse quadtree partitioning is that it is more
computationally intensive and can easily take 3 times longer than the (reg-
ular) quadtree scheme. However, we obtain an attractor z closer to r than

the attractor of the regular quadtree scheme.

To insure that the induced map W = (J{wpn s} Is contractive we require
each of the maps wp, ., to be contractive, which is equivalent (in the affine
mapping case) to ||4|] < 1, where ||4]|| is the norm of the linear operator
A. Then the DFT of the signal f consists of the collection of contractive
mMaps Wm,n,, (obtained by the minimization procedure described above),
that contain the self-similarities and symmetries of the signal f. In more
general terms, contractivity of W could be guaranteed by requiring that
the collection of maps {wy, .} is “eventually contractive”. [Fisher, 1993],

in which case we would use the ”Generalized Collage Theorem” instead of

Theorem 1.5.

Example 1.22. Let I* be a 128 x 128 square lattice and R be a specific fixed size partition
of I*. Say, R = {R[m,n] : size(R[m,n]) = 4 x 4; R[m,n}'s are disjoint; UR[m,n] =
[*}. Similarly, let D = {D[i,j] C I? : size(D[i, j]) = 8 x 8}. Observe that: |R| = 219,
|D| = 1222, the R[m,n]’s are disjoint, however, the D[i,j]’s could (and sometimes do)

overlap.

In this case, the coordinates of the upper left corners of R[m,n] and Dii, j]
are [4m,4n] and [i, j], respectively. Then, we let D1[i,j] = {[i+ 2k +1,j+ 2 +
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1]}o<ki<3 be the sub-sampled version of D[i. j], size(D1[i, j]) = size(R[m.n]) =

4 x 4. Our goal is to minimize:

J(f/R[m,n]v w[m,n](f/R[m,n])) = J(f/ R{m.n}» s[m][n]f(v/-};[mn]) + r[m][n]),

] ai;r a2 0 t by
where Wmal | J ] = [ @ amn 0 J|+ ba . And v : D[i.j] —
0 0 Simjn) z Mm][n]

R[m,n} is a composition of translations, rotations and flips (rigid motions on

a square). U(;) _ (au au) (;)+(:}’), Figure 7. Note that = = f(i, j) and

. o~

Q21 Q22

Wim.n](f) = Wm.ap(i.J, f). In practice, we could choose the maps wy, . of the

; ap 0 0 by
il =10 a 0 + + ba or
0 0 s T[ml[n]
0 a 0 by
w =lae 0 0 + + b
0 0 Smn Mfm][n]

and then the contractivity of v would be guaranteed by: |a;|, laa|, |simjm| < 1.

form:

0 e,

o, e~
te Sy e,

Note that the condition size(D[m, n]) > size(R[m, n]) is equivalent to |a,|, |as] < 1.
Therefore, if we pick a; = a2 = £1/2, size(D[m,n]) = 2size(R[m,n]). the only
requirement for contractiveness of the affine mappings wim . (inducing the
Fractal Transform) is |stmym)l < 1. If we use more general affine maps, allowing
shearing and rotations at arbitrary degrees, we would need to use Claim 1.6
to find the norm of the linear part (A) of W. Then contractiveness will

depend on the maximum positive eigenvalue of a certain matrix.

So, for each R[m,n] the FT assigns a 5—tuple (i,j,r,c,b) in the symme-
try space S., where (i, j) are the coordinates of the upper-left corner of the
square D[i, j] that "covers” the R[m,n], that is minimizes the above functional
§. There are eight ways to map a D[i, j] over the R[m, n], these are the 8 rigid
motions of a square. So, re€ {0,1,2,3,4,5,6, 7} carries this "rotation” informa-
tion for the mappings wym ) and vym ), look at Figure 7. Lastly, the ¢ and &
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t = translation;
d =dilation (*1/2);
v=td.r x r = rotation & fips
R(m,n]
& X
1 2
Dfiy] -1
\4
4 3
1_r=0 3 g r=1 3 2 r=2 3 3 r=3
id (14)(32) (1432) 13
4 3 1 2 1 4 4 Y
3 r=4 s 3 r=5 i s r=6 !l 1 r=7 |4
anes aneH a234) | e
2 1 3 3 3 ) 2 1.__1 3

Figure 7. Incorporating 90-degree rotations and flips into the FT.
carry the contrast (scaling, s(m|(n]) and brightness (offset, r(m]fr]) coefficients
of the map wyn q) : Dfi,j] x R — R[m,n] x R. A way to figure out those real

coeflicients is to use Least-Squares Linear Regression.

& = 8(f/Rm.n]> Wim n)(f7Rim.n])) =

3
Y (flam +idan+ j) = siml[n] F(r=1 G, ) = rlm](n]),
i,j=0

where v=! : R[m,n] — D1[i, j] (D[i. j]) is given by:

B o 1 f4m+k\ _ (2 0 k i+ 1
Case r=0 (ro=id): v (4n+z' “\0 2 1) J+1

_ . -t fdm+k _ (2 0)[(3-k i+1
Case r=1(ry=7): v <4n+1)—<0 2)( I >+(j+1)

=6 [ )

Case r=2 (rz=p): v (4n+1)—<0 2)(3—k)+(j+1>
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_ _ . _1[4m+k 2 0 3-1 i+ 1
C - -0. . 1 - 4+
ase r=3 (r3=p-7): v (4n+l)_(0 2) (3—k>+<j+1)

_ 2 1 [dm+k 2 0 -k i+ 1
C =4 = : 1 = L+
ase r=4 (ry=p7): v (4n+1) (o 2)(3-l)+(j+1)

It
o

Case r

e ()= D0
Cas =6 (re = 0% == p~1) - 1 [4dm+k - 2 0 R t+1
ase r=6(re=p ==p"): v (4n+l 0o 2)\ & )T+l

Case r=T (r;=p°-7): "-1(447:1116) - (g g) (i)+(;ii)

where p is a 90° rotation (counterclockwise), p = (1432). And r is a flip
with respect to a horizontal line through the middle of the square. r = (14)(32).
The identity of the dihedral group D, acting on the square, is denoted by
r, = id.

To minimize § we set the "partial derivatives” of § equal to zero and solve

for s[m][n] and r[m][n].

s{m](n] =
3
16 Zf(4m+i,4n+j)f ~L(i, j) (Z f(4m+z4n+_}) (Z F™ 4, 5) )
£,7=0 £,j=0 i,7j=0

162 (fe™ (i) (Z fo™t () )

1,7=0 £,7=0

rlmifn] = o= (Zof Amt it ) - sfmlfn] 3 F01 m)
5Jj= §,J=0
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Remember, that f(i.;) stands for the intensity of the signal at the (i, j)**
pixel. For every R[m,n] we have to search through finitely many D[, j]’s,
trying to minimize §. And, for each D[i, j] we have explicit formulas for the
scaling and offset coefficients. We should remark, however, that the 5-tuple
(i.j,r.c,b) may not be unique. If we insist on having a unique minimizer of
§ that we will have to impose some additional constrains on the possible
covers. Some authors use fixed scaling coefficients (say s = 0.9) which insures
uniform contractiveness for all images, however, it also reduces the degree of
freedom of the system.

In 3D the group Si, having 24 elements, gives all possible rigid motions
of a cube. One can compute the action of S; on the domains and write

explicitly the matrix form for the affine contractive maps vjm n 4}-

1.4 A New Classification Scheme for Matching Domains and

Ranges

The computationally intensive step of the Fractal Encoding is the
domain-range comparison and matching. For each range R[m,n] we search
through the whole collection D of domains, trying to cover the R[m,n]
"closely” by some D[i,j], and find the mapping w: D[i,j] x 8 — R[m,n] x R.
Therefore, one way to speed-up the encoding would be to reduce the number
of domain-range comparison steps. This can be done by classifying all do-
mains and ranges, so that at each step an R[m, n] of a certain class is compared

only with D[i, jI's of the same or the "near-by” classes.

How can we choose a good classification criterion? Remember, that
minimizing the functional § is up to scaling and offset coefficients (when
using affine transformations). If a D[, j] is a good "cover” of R[m,n] and
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9(w) = $imn) (W) Dpi 51+ Tmiin]» then 6(f/apm n]. 9(v™")/Rm.n)) would be small. Since
g is an affine functional of f we would like to have a classification criterion
that is affinely invariant, or close to being linearly invariant. First thing
that comes to mind is using the variance of the signal, which is translation
invariant: Var(f) = Var(f +r). Unfortunately, the variance is not dilation

invariant: Var(sf) = s*Var(f).

In the one dimensional case, a functional that is dilation invariant is
the "number of up-crossings” of f over the expectation of f, p = E(f). In
a more general setting, this is the characteristic of the excursion set of f
above the level u = E(f). More details on random fields, excursion sets and
their characteristics above a given threshold value, and the expectation of
those characteristics can be found in Adler, 1981. It would be interesting
to see if there is an easy way to obtain a classifying-functional based on the
characteristics of the excursion sets and the variance, that is "close” to being
linearly invariant. Other methods for classifying domains and ranges can be
found in Fisher, 1995.

Now we present a new classification scheme that we used to speed-up
the fractal encoding algorithm based on reversed-Quadtree partition. The

skewness of a signal is defined by:

E(f—p)?

k =" -
skewness(f) (Var(f))alg'

where Var(f) is the variance and x = E(f) is the expectation (average) of f.

Claim 1.23. The functional skewness(e) is linearly invariant.

Proof: Let g(w) = sf(w) +r, then the mean and the variance of ¢ can be

expressed as

E(g) =sE(fy+r=su+r, Var(g) =s*Var(f)
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E(g-E(9)) _E(sf+r—sp—r)® _ E(s(f-—p)® _

kewn s(g) = s*Var
e “ ( ) (Var(!]))sl' (S?'V"” (f)):l/z ( : (f))alg
E(f #)3 — ols
53;—(—— V dr(f))slz - SLewnCSS(f)

An implementation of the skewness-classification is the following: Let
K + 1 be the number of classes we like to divide the domains and the ranges
in. Because of "border-line” cases we always attempt to cover the R[m,n]

with a Dfi, j] satisfying:
Class(R[m, n]) — 1 < Class(D[z, j]) < Class(R[m,n]) + 1.

where the classes are ordered between 0 and K. We define Class(R[m,n]) = i

and Class(D[k,l]) = j if and only if

iMaz i+ L) Maz
7 S skewness(fyapm ) < (__13——

. L j v

J‘[[Xflr < skewness(f;pp.)) < (_J%)':ﬁf’

respectively, with Maz = Maz{skewness(f/gpnn}). skewness(f/ppq)im, n, k. 1}.

A caution should be exercised in such classification because it is possible
that for some R[m, n] the neighboring classes {~1,0.1} could be domain-empty.
In these cases we search through the complete library of domains, D, to find
the "best” cover of R[m,n].

The skewness domain-range classification provides a good way to reduce
the computationally intensive block-comparison step of the DFT. If we as-
sume that every range (R) has a "perfect” covering domain (D), i.e. 3s,r such
that ¢ (f,R,sf(v/‘,é) +r) =0, then D = v~!(R) and R fall into the same (skew-
ness) class because f/gr = sf(v™!(r)) + 0 = sf/p + o and the skewness is affinely
invariant. This assumption is not really restrictive since in the search for cov-
ers we march through various (range) sizes and thus have a lot of flexibility
in selecting and matching the right self-affine pair.
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In practice, the skewness-based classification could reduce the time for
computing the DFT by more than 100 times, depending on the number of
classes one employs. The main advantage of this preprocessing step is that

it does not limit the "essential” space of reasonable covers.

2. The Discrete Wavelet Transform

The Discrete Wavelet Transform (DWT) is certainly better known and
understood than the DFT because of its continuous and discrete interpreta-
tions. We will now review the overall idea behind the DWT. The complete
details could be found in Daubechies [1988, 1989], Mallat [1989] and others.
The DWT is a method that decomposes signals into superposition of small
waves called wavelets (similar to the Fourier decomposition of signals into
cosine waves), enabling us to do analysis and synthesis of the information
contained in the data. It is a fast linear operation that maps data vectors
of length a power of 2 to a (numerically different) vector of the same length.
Also, the DWT is invertible and in fact orthogonal, so that if we view it as
a matrix. the inverse is simply the transpose of the linear operator. Thus,
we can regard the DWT as a rotation in the function space (S,), from the

unitary basis e; to a wavelet basis.

2.1 The Fourier and Cosine Transforms

L
Let f(z) be a function defined on [0, 1] with ||f]|3 =/ |f(z)|*dz. Then one
0

can write f in terms of an infinite (Fourier) series [Folland, 1984]

flz) =a, + i (an cos(2wnz) + b, sin(27nz)).

n=1

Using Euler’s representation e’ = cos(8) +isin(6), where i is the imaginary unit
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(i# = —1), one writes the Fourier expansion of f using

cos(2mnz) = - (&2 4 ¢~1237NT) sin(27nz) = 2_11_ (ei2ns _ g=i2wnz) (7)

O] —

flz) = Z cnei'zwn:'

n=-—00

1
where the (complex) Fourier coefficients ¢, = / f(z)e™ ™% 4.
0

Definition 1.24. A collection of functions {¢n| n =0,%£1,+2,£3,---} in L? on [a,b] is
an _orthonormal basis of L*([a, b]) if
- b ————
(1) Orthogonality: < gy, >= / b (2)o2)dz =0, Vk £1;

b b
(2) Normality: |l¢ell® =< ¢k, ¢x >= / ok (z) ok (z)dz =/ l6k(z)|?dz =

I, Vk;
(3) Completeness: For every g(z) € L*([a, #]), there exist complex coef-
ficients {c,} such that g(z) = Z cndn(z).

Observe that if {¢,} is an orthonormal basis of L?([a. $]), then the (Fourier)
coefficients of the Fourier expansion series of g(z) € L*([a,5]), with respect to
the basis {¢,}, are given by

=3 o / " ou(a)BaTENe = / e

N=—=0J

One can also verify easily that the exponential famil
Xp Yy
{eiZmu:‘ n=0+1,42 £3, . }

indeed forms an orthonormal basis of L3([0, 1]).

There are two main limitations of the Fourier transform; It is well lo-
calized in frequency domain, but not in time (space) domain; And there are
"edge artifacts” at the end points of the domain. These are caused by slow
convergence of the Fourier series at the boundary points.

The good localization in frequency and the poor localization in time
domain of the Fourier transform are features inherited by the nature of the
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basic functions ({sin, cos}) used in the image decomposition. The problematic

end point convergence, however, is a property that can be improved on.
o
Suppose f(z) € L*([0, 1]) has a Fourier series expansion f(z) = Z Ccne'2™*
n=-—o0

on the interval [0,1]. If we extend the definition of f(z) to [0,2] by letting
f(2-z) = f(z) the new extension function, f(z), would be an L2([0, 2]) function
whose graph represents two simple mirror image reflections of the graph of

f(z) with respect to the vertical line r = 1, Figure 8.

fix)

f(x) f2-x)

Figure 8. Mirror image extension of a signal.

The Fourier series expansion of f(r) has some nice properties;

x<
flz) = Z 2, 0<z<2

Using equations (7) and the fact that f(2 - z) = f(z) we can simplify f(z)
to

flz) = i by, cos(2rwnz)

n=0

This representation of f(z), restricted to (0,1, is called the
Cosine transform of f(zr). Note that because of the fact that the right end
of the domain of f(z), the point 1, turns out in the middle of the domain
of the extension f(z), the Fourier representation of f(z) at 1 is exact (and
f(1) = f(1)). Thus we have eliminated the edge point (boundary) artifacts
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of the representation of f(z) at 1. Similarly, one can expand f(z) on [-1,1]
and avoid the slow convergence of the Fourier series at the left end of the
domain, 0.

Thus, we have a way (Cosine transform) to solve the problem associ-
ated with the edge effects of the Fourier representation at the end points
of the domains of the signals. Can we find a way around to construct
a function representation that is as well localized in times as it is in fre-
quency domain? This, of course, would ease dramatically the function in-
terpretation and would yield very fast convergence (of the representation
series). Recall that if {¢.} is an orthonormal basis for L*([0,1]) then every

g(z) € L*([0,1]) has an infinite series representation g(z) = Z< Bk, g > ok(r),
K

where the coefficients < ¢, g >= /0 1 or(z)g(z)dz. The problem is that for some
choices of orthonormal bases (including the {sin,cos} basis) local perturba-
tions of the function of interest, g, would affect all of the representation
coefficients < ¢x,g >. One can fix that by using "windowed” transforms,

like the Windowed Fourier Transform (WFT). If g(z) € L*(R) the windowed

Fourier transform of g(z) is defined by
g(w,s) = / g(u)W(u — s)e 2w dy,
R

where the variable s (shifting factor) determines the position of the (non-
trivial) window function W(u) € L*(R).

Then we can recover g from its WFT by

1 -~ I2rwu
g(z) = WAAg(w,s)W(u —s)e dwds.

Now small changes of g(z) may only affect the Fourier coefficients §(w, s) with
s localized within the domain of change of .

This, however, introduces other problems. For instance, windowing the
basis functions is likely to yield discontinuities at the edges of the windowed
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basis. In turn this may cause a significant amount of the representation
coefficients 7(w,s) to be large, reflecting the "high-frequency” components
artificially introduced to the representation of g(z) through windowing the
basis of the space. If the Fourier type transforms can not be easily fixed
to avoid the above mentioned problems, can we find other bases of L2(R)
that are both localized in the time and the frequency domain that provide

efficient, compact and robust function representations?

2.2 The Discrete Wavelet Transform

2.2.1 Orthogonal decomposition of spaces. We now describe the theory
of Multi-Resolution Analysis (MRA) in the case of the Haar wavelet basis.

Let ¢(r) be a step function of magnitude one and step-size one

o) = vonta) ={] ZE0)
Denote V, = {f € L}(R)| flz)= Z cnd(z — n)}, V, contains all step functions

on R! of step-size = 1. Also, let V; = {fe L*(R)] f(z) = i d,,q)(?z—n)},
these are all square-integrable step functions of step—siz;::c%. One can
see that V, C V;. We want a representation of every function f(z) € V; as
f(z) = fo(x)+g1(z). where f,(z) € V, and g,(z) € (V,)*, (V,)* is the perpendicular
space of V,, containing all functions in V; that are orthogonal to all functions
in V,. That is (V,)* = {fl(r) enl <f.f >=/Rf1(x)m)-d1:=0 Vf, € v;,}.
For simplicity of notation let W, = (V,)*. Can we explicitly identify the

subspace W,? For the Haar scaling function ¢(z) it turns out [Daubechies,

1998] that W, = {fl eV filg)= Z cnt(z — k)}, where
I 0<z<1/2
Y(z) =< -1 1/2<z<1
0 otherwise
33
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Clearly, w(z) € V1, every function of V, is orthogonal to every function in
W, and ;(¥(z)+é(z)) = 6(2z). This last equality yields a disjoint decomposition
of the space V; =V, 8 W,.

In general, if Vi = {f €LX(R)| flz)= 5. dno(¥z- n)}, then Vi = Vi_1

n=-00

Wi~ for Wi = {f € L*(R)| fl(z)= Z dow(2Fr - n)}. Therefore, for all £ > 1

n=~oo

Ve =V dWici = Vi@ W2 Wiy = =
=V,aW, s W aWe. - - dWe_,
In a similar fashion one can extend this orthogonal space decomposition
using step functions of "increasing” step-size. Let

V_lz{feLz(R)l f(z) = Z d,,¢(2-‘.c—n)}

be the L?(R) span of all step functions of step-size = 2. And, in general,
Vo= {f €LYR) flx)= Y dud(2'z- n)}
n=-20
be the collection of all functions in L*(R) that can be written as linear com-
binations of the (shifted) step functions of step-size = 2'. Again trivial cal-
culations show that V, =V_, s W_, and V_; = V_;_; $ W_,_,. for { > 0, where
Wk = {f € L*(R)| f(z) = Z do (2752 ~ n)} .

Because, the family of all step functions (of different step-sizes) is ” dense”
in L*(R) (i.e. its span is L?(R)), Folland 1984, we obtain the following orthog-
onal decomposition of the image space L*(R)

R=%=V.oW,0 W oW d W0
n=0

Here we implicitly used the fact that Vi = Vi_, ® Wi_, is an orthogonal
decomposition of the intermediate space Vi, for any positive integer k. In
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addition, the starting space V, can be expressed as an infinite sum of mutually

orthogonal spaces
Vo=VoageWo =(VaeWa)eWo,=--.=---pW_y,SW_3&W_.a W_,.
Finally, L*(R) = - - - @W_30W_0W_,6Woe&W,5W28Wa®- - -, where essentially
Wi is the L?(R) span of {¥(2*z —s)| se€ Z}, for all integer (step-sizes) k. The
induced basis of L3*(R), {w(2* +5)| k.s€ Z} = {2%y(2* +5)| k.s € Z} is called

the Haar wavelet basis and the function y(z) = ¢(2z) — #(2x — 1) is called the

Haar wavelet .

We observe the following three important properties of the Haar decom-
position of L3(R)
(1) V, is the L2(R) span of {¢(z —s)| s=0,+1,£2,43,--},

Ve = {fe LRI f@)= Y d,.¢(2"z—s)}

$=-—0C

and {25¢(2*z —s)| se€ Z} is an orthonormal basis of Vj:

(2) ) Va={0}

n=-0o0

(3) If A denotes the topological closure of the set 4, | Vi =L*(R).

n=-oo

Definition 1.25. If there exists a function #{(r) such that the above three proper-
ties for the spaces Vi are satisfied, then the collection of spaces {Vi;} is called a

Multi-Resolution Analysis (MRA), and the function ¢(cr) is termed the scaling function

of the MRA.

Why are we interested in MRA "framings” of L?(R) and how do we con-
struct wavelets and wavelet representations of signals using MRA’s? All
scaling functions giving rise to MRA’s have to satisfy certain properties. For
example, because ¢(z) € V, C Vi = span{23¢4(2z —s)| s € Z} we obtain what is

known as the dilation equation

B(z)= Y do(2z—3)

S==00
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oc
Furthermore, the coefficients d, need to satisfy Z d; = 2. Since if we

I=—=0Q

denote the expectation of the scaling function ¢(z) by u = / é(z)dz (u # 0,
R
Daubechies, 1988), then integrating both hand sides of the dilation equation
we obtain the desired normalization relationship between the coefficients d,
p= Z d, g
The function family {é(z —s)| s € Z} forms an orthonormal basis of V.

Therefore, if ¢,, = é(z — s1) and ¢,, = é(z — s2), then

1 S = 82

Dsy s D5y >= o(z — .v'_'.!d: ' -
< @s,,0s, /Ro(z: s1)o(z — sa)dz {0, sy & 52

Note that

o(z — s1) Z d,6(2(z — s1) — s) = Z d,6(2z — (251 + 5)) = Z dp_2s,6(2z — p)

s=—00 s=—oc p=-co

Similarly, 6(z —s2) = Y dg_2s,6(2z —q).
q=-—0Q

Putting these two facts together we obtain (after a change of variables)

= k]
for sy =82, 1

for s\ £ s,: 0 } =< @5,,0;5, >= de —2:1dq—233¢(2-7-' —p)o(2z — q)dz =
T “Hpa

l —

L
= ;d!’—zhd‘?-?’:/ d’(QI - )Q(ZI - q 2 ZdP°"31 p~233 = 5 zk:dkdk‘%-'.’.m

where k =p=2s, + 5, k = q¢=2s2 +s and 2m = 2s, — 2s,.

The last equality, called the orthogonal coefficients condition, together
with the dilation coefficient condition are "usually” employed to find a scaling
function ¢(z). For computational purposes it is helpful to search for scaling
functions supported on a compact set. This is guaranteed whenever only
finitely many of the dilation equation coefficients (d,) are non-zero.

We used the Haar wavelet basis to introduce the theory of MRA, how-
ever, the Haar scaling function (and the Haar wavelet) are not smooth at
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the edges. Thus we have not completely solved the problem of the end point
artifacts in the windowed Fourier transform. So, we begin looking for contin-
uous (not necessarily differentiable) scaling functions. To find such functions
Daubechies [1988] proposed the following procedure; For simplicity we take
N = 4, the number of non-zero dilation equation coefficients. Using the or-

thogonal coefficients and the dilation equation conditions we have
2 +di+di+d3=2 doda+did3=0, dy+di+do+d3=2

The extra degree of freedom of the system is used to make m,(z) = d, +
d1z+d22? +d3:3 = 0, where : = €', factor as m,(z) = (1 + z)?ma(z), with ma(z) an
affine trigonometric polynomial in z. One solution to these 4 equations is

1+V3 4 3+V3 3-V3 4 1-V3
Y 1= = 3 = .
4

dp =

4 - 4 4
The first continuous scaling function (with expectation u = 1) was obtained
using these 4 coefficients and the recursive relation we called "dilation equa-
tion”
3
8(c) =Y ded(2z — k).
k=0

In addition, Daubechies (1988, p. 951] showed that if v, = xo y(z) and

v(z) is defined recursively by u(z) = Z devi-1(2z — k), then y(r) converges
k=-0o0

pointwise, as | — o, to a continuous function we call o(z).

Once we have the scaling function ¢(z) we can determine the induced

continuous (Daubechies, DAUB4) wavelet by

b = Y (1) dusid(20+ )

s=-1

N
In general, Daubechies shows the constrain that m,(z) = Zd,,:" is di-
n=0
visible by (1 + z)X, where : = ¢**, imposes regularity conditions on the limit
function ¢(z) = :lim w(z). The bigger the exponent A the smoother the in-
—co

duced wavelet and the larger its support.
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Daubechies also point out another, Fourier, approach of obtaining the
wavelet filter coefficients. Transforming the orthogonal coefficient condition,
dedk+2m = Wom = {g 2;3, (in terms of {d«}) into a condition on the
flkmction mo(z), |mo(z)|? + Imo(z + m)]* = 1, and replacing the normalization
condition, de = 2, by m,(0) = 1, Daubechies proves that a trigonometric
polynomial sa,txsfymg these two conditions and such that m,(z) #0, for |z] < ¢
(for some ¢ > 0), induces an orthonormal set of functions {¢(z — £)},, where

é(w) = FT(6)(w) = H m, (=7 5 2). As for the DAUB4 example, having the function

¢ we can obtain the corresponding wavelet function v by

¥(z) = Z (—1)*ds410(2Z + 5).

3$=—0C

Indeed, {2%u¢(2*z — s)| k.s € Z} is an orthonormal basis for L2(R).
Daubechies [1988].

Figure 9 shows some of the induced scaled wavelets (DAUB20 filter)
and the corresponding wavelet decomposition of a function. It is a general
rule that the more (non-zero) coefficients are used in the iterative definition
of ¢(r) the smoother the scaling function and the corresponding wavelet.
The drawback of working with very smooth wavelets is that their support

increases and we loose the time localization properties we were pursuing.

2.2.2 Discrete Pyramidal Algorithm for the DWT. The wavelet con-

structions and the induced orthogonal spatial decomposition we presented
in the previous section are very suitable for digital signal analysis. If we
work with a compactly supported wavelet constructed from an MRA and
the discretized signals are of length 2V the DWT is a linear functional on
RY.

We describe the analysis and synthesis of functions using DWT based
on the Haar wavelet, however the same procedures are involved under any
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Figure 9. Wavelet representation of signals.

other wavelet basis. Let F(z) and G(r) be two signals defined on [0, 1]. Let
f(k) = F(3%) and g(k) = G(5%) be their discretized (sampled) versions, for k =
0,1,2,---,2¥ — 1. As before, let o(r) = x[o,1)(£), Vk = span{2¥/26(2*z —5)| s € Z}.
and u(z) = o(2z) — o(2z — 1) (there are only two non-zero coefficients in the
dilation equation).

Since we discretized the functions on a 2¥-node grid of [0, 1]

Ny

flg)= > an Y62V -5) € Uy

=0

aV_o1
g(x) = Y e, 2Ye(2Nr—s) € Wy (8)

=0
Using the orthogonal decomposition of Vs we have that Vy = V,eW,aW, &
Wa®---@Wy_1, with Wi = span{2¢/2y(2¥z—s)| s € Z}. Therefore, the collection
{#(z —5),25?9(2%*z —s)| £=0,1,2,---,N - 1,5 € Z} forms an orthonormal basis

for Vy and we can write f and g as sums of orthogonal components
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N-1
flz) =) aosd(z—s)+ D Y b 25 2p(2Fz —s)

seZ k=0 s€2Z

N~-1
g(z) = Z Co (T —5) + Z Z die s 2°*p(2* 2 — s) (9)
s€Z k=0 s€Z

The main question now is how to find the wavelet representation coeffi-
cients {ao,s. bk s, co s, dk s}7 We use the properties of orthogonal decomposition.
Multiply both hand sides of equations (9) by ¥(2¥z—s) or ¢(x—s) and integrate
over R, for all {k=0,1,2,---.~¥ -1} and {s € Z}. After simplifying we get the

DWT(f) = f and DWT(g) =3

br.s =/ f(z)2% (2% ¢ ~ s)dz, d =/ g(z)2* 2 w25z — s)dx
R R

Qs = /R H2)2%(2 2 — s)dz,  ciu = /R g2)226(2z —s)dz  (10)

A fundamental property of the DWT is that it is a linear operation on
the image space and can be computed recursively using the dilation and the
wavelet equations, ¢(z) = ¢(2z) + ¢(2z — 1), ¥(z) = ¢(2z) —o(2z — 1) (for the Haar
wavelets). For our example we have 25/2¢(2* r—s) = 2¢/3[p(2%z—2s)+0(2* £ —25—1)]
and 26/2¢(28z — 5) = 2¥/2[¢(2%z — 25) — 9(2Fz - 25 — 1)].

Using these facts we can determine recursive relations between the

wavelet coefficients
Qk_1s =/ f(z)2%=V/2¢(2% =1z _ 5)dz =
R

- 2—1/2/ f(I)Qk/2[¢(2k3 -2s)+ ¢(2k$ — 25— l)]dz = —L[ak 25 + @k, 2541]
R v2i '

br_ys= / F(z)2=V2y(2k =1z _ s\dz =
R

=92-1/2 /R f(z)25*[¢(25z — 25) — ¢(2¥z — 25 — 1)]dz = %[am, — Qk.2541) (11)
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And similarly, Ck—1,5s = 715[6'1:,2: + Ck,25+1] and di_ys = 715[Ck,2.' ~ Ck2s41]-

Another key observation is that if the f = DWT(f) is known (the coef-
ficients ax, and b , are given) then we can quickly recover (synthesize) the
coefficients {aw.}, that is we can reconstruct f. To do that we just invert
equations (11) to get

1
Qg 25 = —\/—§[ak—1,, + bk 1,4

1
Ak, 2541 = ﬁ[ak—l,: - bk—l,.v] (12)

Example 1.26. The goal of this example is to illustrate the computations of the DWT and

its inverse, IWT, for discretized signals F and G using the Haar wavelet basis.

In addition. we will introduce a measure of image similarities based on
comparing the "compressed” DWT’s of f and g. This approach of estimating
image variations will play an important role later on when we describe our
"transform-based” model for image analysis. Suppose ¥ =3, F and G are
two given functions on [0, 1], f and g are their sampled versions on the lattice
{0,1/8,2/8,3/8,4/8,5/8,6/8,7/8}, f and § are the DWT’s of f and g, respectively,
f. and 4. are the compressed DWT’s and f. = IWT(f.) and g. = [WT(g.) are

the IWT’s. Figure 10.

{f(k/8)] k=0,1,---,7} =  {1,2.3,1.5,8,8,7}
{g(k/8)] k=0,1,---.7} =  {3,2,1.1,0,~1,0,1}

Using equations (10) and (11) we iteratively determine

3
{ass] s=0,1,---,7) =(L) {1,2,3,1,5,8,8,7}

V2
1 3
{casl s=0,1,---,7} =<ﬁ) {3,2,1,1,0,-1,0,1}
1 4
{azs] $=0,1,2,3} 3(3) {3,4,13, 15}
41
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Figure 10. The Original signals (F,G), their discretization (f,g)
and the IWT’s of the compressed wavelet transforms (., g.).

1 4
sl $=0,1,2,3 ={—) {6,2,—-1,1
{ o =(7) ¢ )

{basl 5=0,1,2,3) =(%)4{—1,2,—3‘1}
(sl 5=0.1,2,3) =(%)4{1,0.1.—1}
(o s=0) = (=) (.2)
fersl 5=0.1) =(—}2—)5{8,0}
Gl s=0 =(2) L2
{dial s=0.1) =(¢i§)5{4,—2}
(i s=0p = (=) @)

d 5= =(2)'®
{bol s=0} =(%)6{—21}
o 5=y =(2) ®
"
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Thus, the DWT(f) = f =
= {@0,0, 00,0, 01,0, 01.1,02.0,02,1,b2.2,b23} =

= {35/8.-21/8, —v2/8, —V/2/4.—1/4.1/2,-3/4.1/4}

And the DWT(g) =§ =

= {Co.0-do.01 d1,0,d1,1,dn g, da,1,d2 2, da 3} = {1, 1. —V/2/2, —/2/4,1/4.0. 1 /4. —1/4}

sa?

We now compress the signals DWT’s by setting to zero all coefficients
of magnitudes less than or equal to ;. Why 1? Because less then 50%

of the wavelet coeficients of the two signals are greater than From the

i~
.

function representations (8) and (9) we see that only the large wavelet coef-
ficients capture the essence of the data content of the images. The places
of jumps and high gradients of the functions (high frequencies) are encoded
by the large representation coefficients. In practice, we use only the top
5% of the wavelet spectral coefficients. The compressed wavelet transforms
of the discretized initial functions are f. = {35/8,-21/8.0.0.0,0, —3/4.0} and
de=1{1.1,-%%,0,0,0,0,0}.

To recover the images using the "compressed” DWT’s we use formulas

(12)
1 3
{@as] s=0,1.---,7} =(ﬁ) {14/8,14/8,14/8,14/8.50/8,62/8,56/8,56/8}
1 3
{@s) s=0,1,---,7} =(7_2-) {3,3,1,1,0,0,0,0}
— 1\?
{az;] s=0,1,2,3} =<ﬁ> {14/8,14/8,56/8, 56/8}
— 1\?
2 =07172v3 = = 3,1,0,0
{C Jl s } (\/2-) { }
{b2sl s=0,1,2,3} =(—15> {0,0,-3/4,0}
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{das] $=0,1,2,3} =(—-) {0,0,0,0}

{az] s=0.1} = (-) {14/8,56/8}

2
@l s=0.1} =(i2) {2,0}
Gl s=01y = (55) 0.0)
@ s=0n =(5) 00
@i s=0)  =(=) s

@t s=0)  =()

Finally, the recovered signals (IWT) are
(Felk/8) k=0,1,---,7} = {14/8, 14/8. 14/8. 14/8.50/8,62/8,56/8.56/8}

{gc(k/8) k=0,1,---,7T} = {3.3,1,1.0,0,0,0},

see Figure 10.

Observe that ||f — glli, = 15, [|f. — delli, = 5. This will be discussed later

when we present our "transform-based” model for image analysis.

2.3 Practical Implementations

A particular set of wavelets is specified by a finite collection of numbers,
called wavelet filter coefficients. For example, the Daubechies basis DAUB4,
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[Daubechies, 1988], is determined by only four coefficients co,cy, ¢, cs repre-
senting a solution of a system of dilation equations. Then the DWT would

be induced by the orthogonal matrix

co [+ Ca c3 0 0 0 0 0 0 1
Cc3 —C2 (4] —Co 0 0 0 0 0 0
0 0 (o] Ci Ca C3 0 0 0 0
c=10 0 c3 —c2 ¢ —cg O 0 0 0
: —Ca 53] —Cp
ca ¢33 0 .- 0 ¢ a
LCy —Co 0 L 0 C3 —C9 J

We think of the filter {cq,ci,cn,c3} as being a smoothing filter, averaging
four consecutive components of the data. Because of the minus signs in
the second filter {c3, —cs,c1, —co} We view it as a non-smoothing filter. The
DWT consists of iteratively applying the wavelet coefficient matrix (C) to
the entire data xo of length 2, then to the smooth vector x; of length 2V-!
(consisting of the odd components of Cxq), then applying C to the smooth
vector xz of length 2¥Y-? (containing the odd components of Cx;) etc. This
procedure is called the pyramidal algorithm for finding the DWT. At the end
of the process, the collection of the "non-smooth” components (the residuals
of applying the even rows of C, at each step) will contain the numerically
different vector of length 2V, representing the DWT of xo. To recover the
original signal from its DWT, we reverse the process, applying CT (= C-!)
to the DWT we have already computed. Figure 11 shows an example of a
2D MRI scan, its DWT, the IWT (Inverse Wavelet Transform), and the IFT
(Inverse Fractal Transform). The DFT of the image is not included since it
is not easy to visualize (recall that DFT is just a collection of contractive
maps). This figure is not intended to be used as a comparison of the two
types of transformations, rather it is an illustration to the ideas in these two
sections.
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Original MRI Scan - Upper-left, WT - Upper-right
[FT - Lower-left, and [WT - Lower-right

Figure 11. Examples of the DWT, IFT and [WT.

3. Transform-Based Image Analysis

Let T : Sy — S» be a transformation mapping the signal space into the
(transform) space S.. In our framework T is either the DFT or the DWT.
Neither of the two is uniquely defined (as the Fourier transform is, for in-
stance), but once we select a partitioning and an appropriate Fractal encod-
ing scheme (for the DFT) or a particular Wavelet filter bank (for the DWT),
our transforms are mathematically well-defined. At this point we can de-
fine a family of metrics on the transforms of the signals. For the DFT, for
example, some of these metrics measure "distances” between the DFT’s of
the signals applied to other signals (in the signal space, $,). Others mea-
sure the "distances” between signals using only their self-similarities (in the
symmetry space, S»). Still others measure those distances combining the
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"good” features of the first two metrics; these are mixed-metrics defined on
the Cartesian product space, S» x S;. Recall that the DFT of an image is
a collection of a partitioning R = {R;}%, (of the image domain), and cover
maps v; : D; — R; for each R;. So, there are a variety of metrics one could
design using these (fractal) coefficients, giving different weights on differ-
ent coefficients, for example. For the DWT, one typically uses the {, norm
on the compressed wavelet coefficients. Both of these metric strategies are
partitioning-scheme and wavelet-basis dependent, respectively.

In order to compare two images we compare their transforms instead,

Figure 12.

T o Metrics on T B
Transform Space

Figure 12. Quantitative comparison of images using their Transforms.

Again, there are at least three basic ways to compare two signals using
their F'T’s. The first one compares the F'T’s applied to other signals. This
takes place in the signal space, S;. The second one compares the very FT's
inside the symmetry space, S». The third one is a mixture of the first two.
It compares the signals taking the "mixed-norm” of the difference in the

product space S; x Sa.

(FT.1) Let || || be the L? or the Sup norm. [Remember: W f(f) ~ f.|

To compare f and h in the signal space, S, one may look at:

< HW f(k) — fll
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< W f(R) = Al|

q W £(h) — Wh(A)I|

q l(W £)*(h) = (Wh) ()], for some k,l e R

a (W f)¥(zero — signal) — (Wh)!(zero — signal)|

a Given an ¢ > 0, find ¥ € X so that: [|[(Wf)*(h) — ]| < € and/or

H(WhYE(f) — hll < e,
where (W f)¥(h) = W f(W f(...(W f(h))...)) is the FT of f’ applied to

A’ k times.

(FT.2) Inside the space S, the comparison depends upon the specific
choice of a FT: For Example 1.22, presented in Section 1.3, one way to
compare the signals *f' and 'k’ is to compute

> Hl[m,n] - H}[m, n]|?
\!ZZ' [ JKNk[ I

R[m,n] k=1

where KN is a constant of normalization, the H][m,n]’s determine the map-
PING Wim nj : D[, j] x R — R[m, n] x R for the signal 'f’. Similarly the H![m,n]’s
encode the symmetries of the signal 'a’.

A better estimate would be to consider the 'i’. '}’ and 'r’ svmmetries of
the FT's. We compute Hf = "distance” between R[m,n] and Df[i,j] and Hh
= "distance” between R[m,n] and Dh[i, j]. Then subtract and normalize those

difference, for all m and n, see Figure 13. We define:

Hf -Hh
Symml|(f - hl| = L’;TJ

Another way to compare the signals is to compute the "distance” between
Dfli,j] and Dh[i, j] directly, without explicitly going through R[m,n]. In this
case we still use the '1’, ’j’ and 'r’ symmetries, only, but the results are
more accurate, see Figure 13. [This measure is denoted by Symml]||f — A]|].
More advanced metrics would involve weight coefficients produced by ANN’s
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(Artificial Neural Networks) - the ANN would be trained on a large enough
set of images, and then it will assign valid weight coefficients to the different

symmetry factors of the FT.

rz(m" wt t = translation;
......................... - d = dilation;
1 3 r = rotation & (lips.
Dh(igj]
Dftij]
s 3 //
, vh = th.dh.rh
E %
Rim.n}
PSS L 1 2 3 4 5 6 7
0 =0 | ch=l rh=2 rh=3 rh=d rh=5 =6 rh=7 big-small-big
1 rh=1 rh=0 rh=3 th=2 | rh=$ rh=4 th=7 h=6 s-b-s
2 rh=6 | rh=3 rh=0 rh=s | rh=2 rh=7 rh=4 thsl b-s-b
3 rh=3 | rh=6 rh=5 th=0 | cha? rh=2 ch=tl rh=d s-b-s
4 rhed | ch=5 =6 =1 | rh=0 rh=1 rh=2 rh=3 b-s-b
5 =5 | rh=4 rh=7 the6 | rh=l rh=0 h=3 rh=2 s-b-s
6 rha2 | =7 rhed =l | ch=6 rh=3 rh=0 rh=§ b-s-b
7 =7 | rh=2 rhal =4 | rh=3 rh=6 h=S th=0 sb-s

Figure 13. Dependence between the "rotation” fractal coefficients.

(FT.3) A way to mix-compare the F'T’s in the space S, x S, is to use only
the contrast and brightness corrections (the ’c’ and b’ symmetries) of the
FT’s. For any pair [m,n] we find the average of 'f’ and 'k’ on R[m, n]. linearly
correct those, using the ‘¢’ and 'b’ symmetries. and then subtract and nor-
malize them. The sum of all those subtracted and normalized differences we
call the "mixed-norm1”, MN1. The accuracy of this measure is surprisingly
good.

In practice, we most often use another mixed-norm, MN2, defined by
IWf—Whiligna= D |HFRP + Y (s;f-ave + oy — (snh-ave +0n)* + > x(rr=rn}.

REA ReB c
where H fh is the distance between the covers Df and Dh of the range R in the
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images f and A, respectively. H fh is computed by averaging the the distances
between the corresponding vertices of Df and Dh, paired together according
to the action of the dihedral group D, (see the definition of vy : D — R In
Section 1.2). The sets A, B and C we sum over are defined as follows: 4 = {
all ranges common to both fractal decompositions }, B = { all ranges that
appear in the fractal partitioning of f or A, or both }, and C = { all possible
partitioning ranges of different sizes }. The scaling and offset coefficients of f
and h are denoted by s;, oy and s, o, respectively. And f_ave and A_ave are
the averages of f and h over the corresponding ranges R. The MN2 measure is
a pseudo-metric, since it does not necessarily satisfy the triangle-inequality,
but it is very applicable because it uses all of the fractal coefficients in a
meaningful way. One can construct real metrics on the fractal transforms
of signals (for example, take only the last term of the definition of the MN2
metric, and define an induced equivalence class on the image space, S;), but

these are unlikely to incorporate all of the fractal similarity parameters.

Analogous types of measures could be defined on other different trans-
forms of signals, for instance on the Wavelet Transform. Instead of the
symmetry coefficients we will have to incorporate the differences of the com-
pressed wavelet coefficients (details) at every level to compute the desired

transform-based metric.

The importance of using such metrics, defined on transforms of signals,
is that these metrics can be tuned to select features of interest. For instance,
we can train an Artificial Neural Network (ANN), on a small test set of
signals, to detect a specific feature (disease, abnormality) and then apply

the algorithm to other real data sets.

We now apply these ideas to a set of four 2D slices of [*3F] fluorodeoxyglu-
cose PET scan datasets. The 2D slices correspond to anatomically equivalent
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regions in the subjects. M1 and M2 are repeated 2D scans of a normal male
subject. F1 is a scan of a normal female and H1 is a scan of a male subject
with AIDS Dementia Complex [Rottenberg et al. 1996]. Figure 14 shows
the four PET images and Table 1 contains the quantitative differences be-
tween the signals (based on their Fractal Transforms). In this example we
show four different Fractal-Transform-based metrics. The magnitude of the
metric-difference is inversely proportional to the degree of similarities be-
tween the images. Most of our metrics correctly group the PET scans to

four clusters: {M1. M2}, {F1}, {M1.M2,F1} and {H1}.

Figure 14. The four PET scans (test images).

We used a similar approach to study a set of 10 MRI brain scans. Since
we had no prior knowledge about how many different subjects were scanned.
we concentrated on finding the sibling to each of the MRI scans (i.e. finding
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Table 1. Table of the Fractal Metrics applied to the 4 PET scans.

PET scans
HI-MI | HI -M2 | HI -Fl | MI-M2 | Mi - F1 | M2 - Fl
METRICS
SN - Symmemry 706.59 74153 | 73310 | 472.03 74850 | 721.60
orm
SN1 - Symmetry 901.22 90457 | 83110 | 49259 71015 | 30.00
Norm | :
MNI - Mixed
Nocm £ 7162 66.86 10069 | 2356 39.21 32.02
MN2 - Mixed
Norm 2 112623 | 10SL.T7 | 157986 | 37207 618.33 | 506.50

LEGEND: HI-HIV male; MI - Normal Male l-stscan; M2 - Normal Male 2-nd scan; F1 - Normal Female

the "closest” image for all of the images).

The MRI data are displayed on Figure 15, and Tables 2 and 3 show
the ”closest neighbor” tables for all signals with respect to the Fractal and
Wavelet based metrics, respectively. We can clearly see that all of the four
different DFT schemes and the DWT yield basically the same results: The
data set groups the scans into {mri 0, mri_L,..., mri5} and {mri_7,..., mri_10}.
Tables 2 and 3 differ in that we use only one metric on the DWT space and

four different metrics on the DF'T space.

4. Image Magnification and Enhancement

When visualizing low-resolution images researchers frequently use inter-
polation methods to enhance the resolution and blow-up the picture. As the
following example shows, to visualize (without "massaging” ) a low-resolution
128 x 128 PET scan and avoid the "blocking effect”, one can not magnify the
image more than 1 x lin® (Figure 16).
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mri_10
Figure 15. Ten MRI test images.

We now describe a fractal-transform based method (Barnsley. 1988) for
zooming in and out on images. This fractal method outperforms current
state-of-the-art bi-linear interpolation techniques. Although interpolation
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Table 2. ”Closest Neighbor” table for the 10 MRI scans, using Fractal metrics

Scans (Using mci":;mlh;tlinduces the o 3 schemes
convergent FTD algorithm )
0 2 S(r2orl)
1 3 2 (or 4)
2 4(or3orl) 1 (or3or4)
1 4 (or L or2)
4 2(or3orl) 2 (or3orlors)
5 3 (or2) 2 (orOorl)
7 10 8 (or9or10)
8 10 9 (or7or 10)
9 7 (or 8) 8 (or 10)
10 7 (or8) 7 (or9or 8)

Table 3. "Closest Neighbor” table for the 10 MRI scans, using Wavelet metrics

Wavelet Transforms “Closest” "Farthest”
of Distance Distance
MRI Scans MRI MRI

WTmri_0 2 2097 10 9534
WTmri_{ 3 1191 8 6605
WTmri_2 3 1197 8 7435
WTmei_3 1§ 1191 10 6498
WTmri_4 S 1210 7 6437
WTmr_5 4 i210 7 6190
WTmri_7 9 2310 0 7463
WTmri_8 10 1229 0 9454
WTmri_9 10 858 0 8998
WTmri_l0 9 858 0 9534

NOTE: For comparison limri_7 - mr_3ll = 5850, and mri_J is the “closest” MRI to mri_7

according to the L2 measure.
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Figure 16. Blocking effects due to 128 x 128 to 512 x 512 magnification.

algorithms for resolution enhancement are of low complexity, relatively easy
to implement and time efficient, they all carry the fundamental draw-back
that they alter, blur and over-smooth the data. One example showing the
advantages of the new fractal magnification algorithm is shown on Figures
17, 18 and 19. These images represent the lower portion of a 128 x 128 PET
scan magnified to 2048 x 2048 again using these two methods. An interest-
ing observation is that the fractal images have rougher (but very detailed)
boundaries of the regions of (relatively) uniform densities. Also, they seem
to exhibit some extra details that are not shown in the corresponding high-
resolution interpolation images. It is true that some of these features could
be artifacts of the (currently not perfect) DFT, however, some of them may
not appear in the interpolation images due to smearing or over-smoothing
effects.
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Recall that the fractal images are "resolution independent”, so we synthe-
sized (recovered) the 2048 x 2048 fractal image on Figure 18 at lower (128 x 128)
resolution and magnified it back to 2048 x 2048 using bi-linear interpolation.
The result is shown in Figure 19. Not only does the interpolation smear and
blur the data, it also "moves” details around (look at the high intensity spot
in the middle - near the central ventricle - in Figure 18 and its re-positioning

under the interpolation Figure 19 - right in the middle of the blob).

It is certainly worth pointing out that we can not expect any image
zooming in (or out) technique to add up extra (new) detail to the pictures
that is not already there. However, the fractal algorithm allows us to visualize
and enhance features of the signals exploiting the self-similarities and self-
affine symmetries of the data. It is more robust and accurate along edges and
incorporates no smearing or over-smoothing effects which are fundamental

for any interpolation technique.

5. Quantitative Warp Evaluation Schemes

5.1 Displacement Registration Fields (Warps)

In the field of medical imaging the identification and comparison of struc-
tures of interest between two images are fundamental for understanding and
interpreting the data. In practice, researchers construct atlases on refer-
ence images (templates). These templates are studied thoroughly and used
as models for particular types of data sets. The problem of data analysis
through a template is that often the real images vary significantly from our
models and hence our template atlases may not be of much help. The differ-
ences between the data and the template can be structural (size, orientation),
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Figure 17. A portion of the interpolation blow-up, 128 x 128 to 2048 x 2048.

Figure 18. A portion of the Fractal blow-up, 128 x 128 to 2048 x 2048.

geometric-topological (features appearing in one image may not appear in
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Figure 19. Smearing and over-smoothing effects of the interpolation algorithm.

other) or in the distribution of the image intensities (contrast. brightness).
To overcome these problems registration techniques that align (warp) data
onto the reference image (or vice-versa) are used. The aim of image warping
is to simultaneously place all of the data images in a common anatomical
{(functional) reference frame.

Figure 20 contains a visual representation of the action of a 2D displace-
ment field on an image. The reference data is shown in the upper-right and
the target is in the upper-left corner. The deformed (warped) data is shown
on the bottom-right. The warping field is also visualized as a grid deforma-
tion. One can clearly see the shifting, rotation and contraction components
of the alignment (bottom-left).

There are two major warping approaches depending on the optimization
procedure used to derive the deformation (warping) field that brings the

data and the template in register. First are the densitv-based techniques
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Figure 20. Example of an Original Data (top left), Template (top right),
Displacement field action (bottom left) and Deformed warped data (bottom right).
which are purely intensity driven. They subdivide into elastic warps (Ba-
jesy [1989]), viscous fluid warps (Christensen et al. [1994]), and polynomial
warps (Woods et al. [1992, 1993]). The second major warping approach is
fiduciallv-based registration. In this case, a collection of landmarks (fiducial
markers), like points (Bookstein, 1991), curves (Ayache & Faverjon, 1986)
or surfaces (Thompson & Toga, 1996), are used to constrain the warping
fields. The density-based warpings have the advantage that they do not re-
quire, in general, human (expert) intervention, have fast implementations
and are applicable for a variety of data sets. On the other hand, the fiducial-
based deformations are very accurate, robust, and in some cases allow for

incorporating prior knowledge about the data into the model.
We begin by briefly outlining the ideas behind some commonly used affine
and non-affine warping techniques. Let A(v) and B(v) be the template and
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the data (subject) volumes indexed by the vector v = (p,q,r) € G, consisting
of discretely sampled and (8 bit unsigned integer) quantized voxel intensities
a and b, respectively. The deformation field vector &? ;&> at iteration n and
at location (i, j, k) rooted at template voxel v, expresses a shift in coordinates
so that the voxel intensities of A(v) are mapped! to intensities in B(v + &7).
Depending upon the exact nature of this mapping (based on the acquisition
protocols and the image scanning devices) we can use various voxel similarity
measures such as least squares (LS), mutual information (MI), correlation
coeficients etc. [Kjems et al., 1997].

A volume of displacement vectors ¢ placing the data over the template in
a meaningful way may be computed in a recursive manner. Often, the vector
field ¢ is computed in a hierarchical manner, by first iterating the displace-
ment field using a coarsely sampled vector grid on sub-sampled instances of
the data and the template volumes. Then increasing the resolution whenever
the similarity measure is below a certain threshold value.

Kjems et al. {1997] used a global cost function of the form
C(2") = D(A(), B(v + &) + R(®"),

where v € G, R(®") = £ Z Z |87, — ®% ;.41 is & global regulariza-
L3k (151 KEN, gk . . '

tion factor, « is a global parameter, N;;: is a set indexing the 6 nearest

neighboring vectors of ®7;,, and D(a,b) is a function measuring the global

similarity of a set of matched voxel intensities a and b. Iteratively the dis-

placement field is updated with vectors &; ;jx. The vector field is smoothed

in between iterations with a Gaussian spatial low-pass filter. The size of

! The notation ®7 implicitly uses a tri-linear interpolation of the 8 imme-
diate neighboring grid vectors &7, , to find the displacement of the voxel at
location v.
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the Gaussian kernel. g, is carefully chosen along with the global regularizing
parameter, a, in R(®).

Thompson and Toga [1996], on the other hand, modeled the images as
viscous fluid solutions. Then the displacement field obeys the two-parameter

Navier-Stokes equations
A+ p)V (Ve d(z)) +uV3d(z) + F(z + ®(2)) = 0. (13)

where the (elastic) parameters A and u determine the viscous properties
of the solution and & is as usual the displacement field. F(z) is a local
internal force that drives the medium of the data into register with the
target. The values of F are proportional to the gradient vector of a local
image similarity function D. The displacement field is updated iteratively
and the data is deformed until the external forces reach equilibrium with
the internal restoring forces generated by the elasticity of the supporting
material. The partial differential equations (13) are solved recursively on a
finite grid and interpolated tri-linearly to obtain a continuous deformation
field ® [Thompson & Toga, 1996).

The affine polynomial warping ficlds are determined in a simpler manner

than their non-affine counterparts. One typically minimizes a cost function
C(@%) = D(A(v), B(v + @7)),

where the image similarity measure D is either standard deviation of ra-
tio images, or least squares, or least squares with intensity rescaling (AIR,
Woods [1992, 1993]). The first cost function is image intensity independent,
the second one assumes image intensities have been equalized first, but it
allows for fast registration. The last measure tries to avoid the problems of
least squares by adding an intensity scaling term to the model. Note that
there is no need for a smoothing (regularization) factor in the cost function
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because of the nice properties of affine/linear functionals. The displacement

field ®, is again computed iteratively, however it has a particular (affine)

fl('rvyvz)
¢ =0 y|=| falz.0.3) |,
f3(.’t,y,5)

where each fi(z,y,2) = a;0 + @i 1z + a;2y + a; 3z : R®> — R is a linear function.

form

]

ke

The (globally determined) 12 parameters a;;,1 < i< 3,1 < j < 4, minimizing
the cost function C(®) define an affine spatial displacement field that brings
the data and the target in (affine) register, modulo the choice of the measure

of image similarity function.

5.2 Registration Evaluation in 2D

Based on the transformation approach we discussed in the previous sec-
tions we can develop a goodness of warp classification scheme. There seems to
be no commonly accepted rigorous definition of what a "good” warp should
be. Different criteria are used for different situations. We have assumed that
a "good” warp should be one that produces an image approximating closely
the target (with respect to some metric), yet deforming the initial (template)
image the least.

For example, if « is a PET, an MRI or fMRI scan (image), and & is
the result of applying a warp & to «, (with a target image 3), one would
expect that a "good” warp preserves the local symmetries of « (onto @) and
simultaneously yields an image (&) having self-similarities close to these of
the target 3. Hence, a way to tell the "good” from the "bad” warps is to
evaluate functionals like:

ct c

4
F(a,8,9,T) = <a+b—c : (lc—al + |c—b|)>’

where p; is a metric on the transform space (S:), ¢ = g (T(e), T(&)), b =
p1 (T(&), T(B)) and ¢ = p; (T(a), T(3)). The smaller the values of the components
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of F, the "better” the warping transform (i.e. the warp preserves the most
the self-similarities of the test image, and still produces an image ”close” (in

the transform-space metric) to the target).

As shown on Figures 21 and 23, various functionals like these may help

simultaneously minimize p,(T(e),T(a)) and u(T(&),T(3)). penalizing warps

which bring T(a) too close to T(a) or T(3), unless T(a) ~ T(J) in the transform
metrics. Among these the classifying functional D is the most accurate fit
based on our goodness of warp criterion placing the gold-standard warp

halfway between the data and the target, in transform space.

W

M1 MidPoint

Figure 21. Various transform-based classifying functionals.

We apply these ideas to classify two warps transforming an axial MRI
slice of an oriental subject (test image) to the corresponding axial slice of an
occidental subject (target), Figure 22. The first warp is induced by a linear
spatial deformation and the second one represents a non-linear displacement
field. Both the Wavelet based and the Fractal based metrics yield smaller
values of the two components of the classifying functional F for the second
deformation, and therefore, give a uniform preference to the non-linear warp
(Table on Figure 23).
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Upper-Left: Test Image Upper-Right: Target [mage
Lower-Left: Linear Warp of Test Image Lower-Right: Non-Linear Warp

Figure 22. Test Images.

5.3 Applications of the Transform-based Technique to Stereotactic

Warp Classification

5.3.1 Quantitative Evaluation of Polynomial Warps. In this section we

numerically characterize and evaluate the performance of a number of (lin-
ear and non-linear) polynomial registration techniques. We used R. Woods’
AIR 3.0 (Automatic Image Registration) package [Woods et al., 1992, 1993]
containing warps with 6, 7, 9, 12, 30, 60, 105 and 168 parameters.

We show two examples. The first one characterizes 4 deformations based
on registering a single MRI onto an "average” MRI representation volume.
In this case we used the 9, 12, 30 and 168 parameter warps independently
of each other (unsequentially), i.e. the results of each warp were not used
as initialization (starting) point of the next (higher-order) deformation algo-
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Ta
a . b
Metrics on
Transforms of Images
Ta T8
c
Using DFT Using DWT
Fl F2 F1 F2
LINEAR WARP 235 2.19 62 53.90
NON-LINEAR
WARP 69 0.48 50 28.07

Warp classification functional: Fa,B.® . T= (Fl, F2)

- . =L . L
Fl = a+b-c: F2=c ( =t Ic-bl)

Figure 23. Comparing signals and warps of signals using their Transforms.

rithm.

The second example quantifies the performance of the 7, 12, 30 and 168
parameter warps, based on registering a single MRI volume to another single
MRI. In this latter case, we did use the warping techniques sequentially. In
other words, the output of each consecutive warping method was used as
an input of the following (higher-degree) warp. The goal was to determine
the validity and the robustness of this quantitative transform-based warp

classification scheme.

We begin by looking at the "single-to-average” example. Different views
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of the data and the target of the warps are shown on Figure 24. There is no
prior registration done on the two volumes. The data represents an "average”
MRI volume of 53 normal individuals (MNI study) and the target is a normal
subject, not included in the 53 normal-average. Obviously, the differences of
the data sets are not only spatial and structural but also similarity-like.

Figures 25 and 26 show sagittal, coronal and axial (transversal) slices of

the warped (resliced) volumes, under the 4 polynomial fields.

Figure 24. Sagittal, coronal and axial slices of the Target (left) and the Data (right).

Figure 25. Linear 9 (left) and 12 (right) parameter polynomial warps.

Table 4 contains the final wavelet-based metric distances numerically
characterizing the two linear and the two non-linear warps (see Section 5.2
for interpretation of a, b, ¢, Fy, Fo, H,M1,D). The distortion of the warps
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Figure 26. Non-linear 30 (left) and 168 (right) parameter polynomial warps.

whose resliced volumes lie on the "mid-line”, Figure 27, is exactly right,
since they produce a resliced volume having symmetries resembling the ones
of the target the closest, modulo preserving most of the self-similarities of
the template. Note that according to that classification the ultimate warp
would produce a volume with a transform lying exactly on the intersection

of the "symmetry” and the "mid-" lines, Figure 27, halfway between the

reference image and the target.

Table 4. Transform-based polynomial warp classification table.

I

lassification
functions)) F2 H | Ml D
Warps
Wpl (9 par aff.) 7.30 1.7775 | 7.70 09384 | 14.31
Wp2 (12 par aff.) || 7.17 1.6487 | 7.60 09376 | 14.24
Wp3 (30 par NL) || 7.26 1.8968 7.63 0.9405 | 14.32
Wp4 (168 par NL) || 19.44 | 04956 | 19.04 | 0.5216 | 19.03

Figure 27, illustrates a geometric representation of the quantitative in-
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formation contained in Table 4. It is worth mentioning that our warp classifi-
cation presented its geometric interpretation are template-target dependent.
This is a consequence of the fact that the classifying functionals depend upon
a (template), 3 (target), ¢ (type of warp) and the discrete transform used
in the model. In summary, this first example shows preference of the 12 pa-
rameter affine warp. It produced the closest resliced volume to the ultimate

volume representing the intersection of the symmetry and the mid lines.

12
>~
—
e O O O O AN
/—h
“mid-line" "symmetry-line”

Figure 27. Pseudo-planar visualization of warp performance
in symmetry (DWT) space.

We now proceed with our second (”single-to-single” ) registration and the
corresponding warp (performance) evaluation. The template and the target
are shown on Figure 28.

The resliced (warpedj volumes are displayed on Figures 29 and 30. Again,
registration and reslicing was done using Woods AIR3.0 package.
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Figure 28. Axial, sagittal and coronal slices of the Target (left)
and the Template (right), (ex. 2).

Figure 29. Target and Linear 7 parameter (left); and Target and Linear 12
parameter warp (right) (ex. 2).

The numeric transform-based estimates of the performance of the 4 poly-
nomial warps are listed in Table 5. And the corresponding planar visualiza-
tions are depicted on Figure 31. The functional H, height, determines the
overall global distortion of the warp in terms of the distance between the
"symmetry-line” and the warped-resliced volume (in the transform space
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Figure 30. Target and NL 30 parameter (left); and Target and NL 168
parameter (right) resliced volumes (ex.2).

metric). In this case, the 168 parameter (non-linear polynomial) warp al-

most uniformly outperforms the other three warps (columns 4 and 5, Table

5).

Table 5. Numeric transform-based polynomial warp classification table (ex.

lassification
cHons | gy ) H | Ml D
Warps
Wpl (7 par aff.) 5.17 3.1677 | 5.44 0.0171 | 20.18
Wp2 (12 par aff.) 1549 | 0.3362 1728 | 0.1926 | 21.24
Wp3 (30 par NL) || 16.03 | 0.2163 18.81 | 0.2947 | 20.53
Wp4 (168 par NL) || 15.25 | 0.1812 | 18.67 | 0.3524 | 19.57

5.3.2 Quantitative Evaluation of Non-affine Warps. In this section two

main problems are discussed. The first one is to quantitatively evaluate

70

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




@
€ )
Data Target
/——b
"mid-line" "symmetry-line"

Figure 31. Pseudo-planar visualization of quantitative
warp characterization (ex. 2).

and examine the performance of two new non-affine registration techniques
(developed by Kjems et al., [1997]) and one affine polynomial warp (12 pa-
rameter, as implemented by Woods, et al., [1992]). Our second aim is to
investigate and compare our performance estimates with the univariate warp
evaluation (in inter-subject space) as proposed by Kjems et al. [1997].

Five right-handed subjects were scanned 8 times (randomized 2 baseline
and 6 gradually increasing activation) in 2 scanning sessions. The subjects
performed visually guided voluntary anti-saccades. This experiment involved
fixating on a central LED until a random target LED appears. Then the task
was to saccade to the LED contralateral to the lit target. The frequency of
the target appearance varied from scan to scan (0.05, 0.1, 0.3, 0.5, 0.7, 0.9
Hz). The two baseline scans were acquired with the subjects fixating on the
central LED. A whole body PET scanner (Advance, General Electric) was
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used with an image spatial resolution of 5 mm in all directions. The volumes
were reconstructed with 35 slices and voxel size 2.0 x 2.0 x 4.25mm? covering a
field of view of 25.6 x 25.6 x 15.2cm®. In addition T1-weighted MRI scans for
the 5 subjects were obtained using a Siemens Magnetom Vision scanner in
the Hvidovre Hospital, Copenhagen, Denmark. The voxel sizes for two of
the subjects were 0.98 x 0.98 x 1.17mm?, and the remaining 3 subjects and the
target (template) all had voxel sizes of 0.98 x 0.98 x 1.00mm?. A simulated PET
image was registered to the template’s MRI and was used as the template’s
functional volume. A common preprocessing step was done on all functional
images. The 8 functional volumes for each subject were intra-subject aligned
using a 6 parameter rigid body deformation (Woods [1992, 1993]). The struc-
tural MRI volumes were corrected for intensity inhomogeneity, predominant
in the axial (z) direction, by computing the mean of the top 5 % intensity
voxels for every transverse slice containing brain tissue. Then the intensities
were normalized by fitting a 6-th degree polynomial as a function of the slice
number. After that the MRI scans were carefully stripped from the skull

and the dura using a manual interactive drawing tool.

The results of the CVA/SSM-based multivariate analysis of warp perfor-
mance (of Kjems et al.) are summarized in Table 6. We see a direct decrease
of the variance measures that occurs with the increase on the "non-linearity”
of the field (first 5 rows of Table 6). According to this measure the non-affine
warping using MI (Mutual Information) minimization functional is the best
among the 3 warps. On the other hand, using CVA analysis Kjems et al. ar-
gue that the LS (Least Squares) driven non-affine field is the warp of choice,
due to "over-warping” effects of the MI warp (CVA ranking, bottom 2 rows,
Table 6).
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Table 6. CVA/SSM-based multivariate analysis and quantitative warp evaluation.

Warping
Method Warp_1| Warp_2| Warp_3
Analysis (LS) MI) | (Affine)
2 -2
o 1.83x10™ | | 75x10% |2.06x10
o, 1.02x10° |091x10% |1.32x107
Gl 1.10x10° | 1.12x10° | 1.09x10 7
SSM: é AN/ 0.84x10° [0.75x107 | 1.11x107
Warp Ranking o I I
5
CVA: M/ 3T, 7.65 7.31 5.51
=2
Warp Ranking I it m

As Kjems et al. point out the decrease of the total variance o2 is mainly
due to a decrease of the inter-subject variance ¢2, the intra-subject variabil-
ity is pretty stable across the three warping schemes (Table 6).The first 4
eigen-values of the SSM analysis absorb most of the inter-subject variance
drop (Kjems et al. [1997]). These results indicate that the non-affine warp
based on MI (mutual information) image similarity measure is superior to the
other two methods. However, this is a direct analysis of variance measures
influenced by the largest impact of the MI warp on the functional alignment.
Such evaluation of image registration does not measure how well functional
alignment is achieved, i.e. the magnitude of the signal-to-noise ratio of the
observed (warped) signal. In the second part of their analysis Kjems et al.
investigate how well the brain state is reflected in the images, assuming that

the optimal registration extracts the brain state most clearly.

The CVA analysis gives information on the influence of the frequency
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of the saccadic eye movement on the scans in high dimensional space. If
one groups the images according to this frequency (7 groups) the canonical
vectors form an orthogonal basis that maximally separates these groups.
Assuming the relation between scan number and the frequency is linear then
the variation of the 7 groups can be described by a linear model. Although
the non-linear nature of the brain activation is well documented (eg. Morch
et al. [1997]) one can still expect for this experiment the brain activation
to be approximately proportional to the saccadic frequency. This in turn
means that the functional activation should be captured by the first canonical

S
component (A;). Under this assumption the ratio A,/ (Z /\‘-) is an indicator

=2

of how well the brain activation signal is captured. In this sense, Kjems et
al. conclude that in fact the LS based warp is the registration of choice,
because of the "over-warping” effect of the MI non-affine alignment (last 2
rows, Table 6). In other words, this is evidence that very detailed (structural)

registration can degrade the functional alignment of images.

As opposed to the SSM/CVA analysis of Kjems et al.. in our wavelet-
based warp evaluation technique we used one classification functional (D),
which does not consider changes of different variance measures. Thus, it is
subject dependent. In the tests we have run so far, however, this functional
exhibits small inter-subject variability. The induced warp ranking, according
to the classifying functional D, is: (best to worst) MI, LS, Affine warp. This
means that no "over-warping” effects are detected by D. Table 7 contains the
values of the wavelet-based classification and the corresponding ranking of
the three registration schemes. The performance of the 3 warping techniques
(in wavelet space) are visualized on Figure 32, the best performing warp is

on the bottom and the worst is on the top.

The columns on Figure 33 contain (left-to-right) the original MRI data,
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Figure 32. Overall visual representation of the wavelet-based
registration evaluation on MRI data.

Table 7. Wavelet-based quantitative warp evaluation on the MRI data.

T

Warping .
cheme || Warp_1 | Warp_2 | Warp_3 Warp Ranking

DATA (LS) | (MI) |(Affine)| Wapr_l | Warp_2 |Warp_3

MRI_1 1571 1553 | 1592 I I

MRI_2 1644 | 1629 | 16.38 I I

MRI_3 14.19 | 13.89 | 14.28 I I

MRI_4 15.11 15.01 | 14.94 I I

MRI_S5 13.91 13.87 | 14.01 I [
Overall Warp Legend: [ = Best

Ranking I [ I II = Medium
(Across subj.) B [II= Worst

the LS warp (registration using least squares as image similarity measure),
the MI warp, the Affine (12 parameter polynomial) warp, and the target of
the registration (template). All images were magnified (in frequency space)

using the Fourier transform, and we are showing the 150** axial (transverse)

slice (out of 256) for each image.

subjects involved in this study.

Visualizations of the performance of the three warping techniques, ac-
cording to Table 7, are shown in Figure 34. Depending on the prior assump-

tion of goodness of warp one selects the best registration (for each data set

There are 5 rows for the five different
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Figure 33. Original data, Warped (resliced) images and the Template.
Each row contains (left-to-right): Original MRI data, LS warp,
MI warp, Affine alignment, and Template.

separately), based on these diagrams. We explicitly prefer the alignments
producing warped volumes closest to the intersection of the "symmetry-line”
(horizontal line segment joining the WT of the Data and the WT of the Tar-
get) and the "mid-line” (vertical line through the midpoint of the symmetry-
line) in transform space. Note that according to this prior goodness of warp
hypothesis the ultimate ("best”) warp lies at the intersection of these two

lines, halfway between the data and the target.

We now present the analogous wavelet-based results for the same 3 reg-
istration techniques where the warp evaluation was done on the functional
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Figure 34. Planar representation of the quantitative warp evaluation
on the MRI data in wavelet space.

data sets (PET). Each of the 5 subjects was scanned 8 times; twice un-
der baseline and once under six different saccadic eye frequency (activation)
paradigms. To analyze the warp performance we used the averages of the
8 (pre-registered) volumes for each subject. The MRI-derived displacement
fields were applied to bring the corresponding functional PET images, Fig-
ure 33, in register with the template. Then the wavelet metrics between the
data, the target and the warped volumes were computed, Table 8, and the
visual interpretation of the results is shown on Figure 36. The functional D
again selects MI as the best warp.

There are many natural questions arising in regard to the results listed in
Tables 7 and 8, and the induced visual representations of warp performance
shown on Figures 34 and 36. We will now attempt to address the following
concerns: What are the differences and the similarities between the MRI-
based and the PET-based wavelet registration classification schemes? Do we
gain anything by studying the images in (reduced) wavelet space as opposed
to the analogous study using the raw data sets (in image space)? How stable
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Figure 35. Original data, Warped (resliced) images and the Template.
Each row contains (left-to-right): Original PET data, LS warp,
MI warp, Affine alignment, and Template.

are the results for various wavelet bases?

To answer the first question we look at the overall ranking in Tables
7 and 8. The functional D measures the distance between the WT of the
warped-resliced volume to the midpoint of the symmetry-line between the
data and the target. The "gold standard”, our best performing warp, is the
one for which D =0. In a group of warps, the ultimate warp is the one that
minimizes D. In both tables D ranks Warp2 (MI) as the best performing
registration, across the 5 data sets. Again, the values in Tables 7, 8 and 10
represent the wavelet distances between the mid-point (halfway between the
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Table 8. Wavelet-based quantitative warp evaluation on PET data.

Warping .
cheme || Warp_I | Warp_2 | Warp_3 Warp Ranking
DATA (LS) | (MI) |(Affine)| Wapr_l | Warp_2 |Warp_3
PET_1 19.29 | 1949 | 19.21 I I I
PET_2 1541 | 1521 | 1547 I I I
PET_3 19.89 | 19.76 | 20.03 I I m
PET_4 1853 | 1842 | 18.64 1] I I
PET_S 19.77 | 19.23 | 18.93 I I I
Overall Warp Legend: [ = Best
Ranking - I - II = Medium
(Across subj.) [II= Worst
PET_l PET_2 PET_3
W?-Wl Wi w|w3
w3 w2 w2
® ©® © @ @
PET_4 | PET_S
w3 Wi w2 Wi
w2 w3
® @ F———@

Figure 36. Planar representation of the quantitative warp evaluation
on the PET data in wavelet space.

WT of the data and the WT of the target) and the WT of the warped image.
These distances are computed using the L, norms on the "reduced” WT’s
(the top 5%, in absolute value, of the wavelet spectral coefficients). This
malkes sense because the "large” wavelet coefficients capture the essence of
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Table 9. Quantitative warp evaluation on the structural MRI data in image space.

Warping .
cheme ||Warp_l | Warp_2 | Warp_3 Warp Ranking
DATA (LS) (MI) |(Affine) | Wapr_l | Warp_2 |Warp_3
MRI_1 27.72 | 27.49 | 27.32 I I [
MRI_2 29.24 | 28.82 | 28.96 11 I I
MRI_3 2455 | 2422 | 2442 m I I
MRI_4 25.93 25.81 | 25.20 I I I
MRI_S 24.02 | 2392 | 23.78 I 1 I
Overall Warp Legend: [ = Best
Ranking oI I I I = Medium
(Across subj.) III= Worst
the information content of the data [Mallat, 1989], see Section 2.2.2.

In regard to the second question, about the advantages of using wavelet
analysis, we present the same study done on the raw (structural) MRI vol-
umes in the time domain (image space), Table 9. The overall rankings of
warp performance given in Tables 7 and 9 are significantly different. For ex-
ample, the image space analysis indicates an overall preference to the Affine
warp (Warp3), while the wavelet space study selects the MI (Warp2) warp as
the best. Other major differences can be identified by examining the planar

representations of these tables displayed on Figures 34 and 37.

Our wavelet-based warp evaluation appears to be independent of the
choice of the wavelet representation basis. To show this we repeated the
wavelet analysis on the structural MRI images replacing the Daub20 (used
to obtain the results in Tables 7 and 8) by the Daub4 wavelet filter. Even
though these two filter banks induce wavelet bases of the same (Daubechies
wavelets) family the corresponding wavelet representations of the signals
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Figure 37. Planar representation of the quantitative warp evaluation
on the raw data in image space.

are profoundly different (Daubechies [1988]). As Table 10 shows, the Daub4
wavelet analysis produced results in a very good agreement with the Daub20
study (Tables 7 and 8). The very small variations are probably due to
computational errors, because the magnitudes of the wavelet coefficients of
the Daub4 study are about 10 times these of the Daub20 representation. Also,
some of the differences in the ranking can be explained by giobal uniform
shifts of the positioning of the warped volumes from the left to the right side
of the "mid-line”, Figures 34 and 38.

6. Discussion

In this first chapter we described how discrete mathematical techniques
for the analysis and synthesis of signals could be used for quantitative ex-
amination and comparison of medical images. First, we proposed a method
for quantitative (numeric) estimation of image similarities. Our model trans-
forms an "image matching” problem from the signal (physical) domain to
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Table 10. Quantitative warp evaluation on the structural MRI data in
wavelet space (Daubd).

Warping i
cheme ||Warp_1 | Warp_2 | Warp_3 Warp Ranking
DATA (LS) (MI) ((Affine) { Wapr_1l | Warp_2 |{Warp_3
MRI_1 160.9 160.3 | 162.3 I I 11
MRI_2 175.7 1724 | 174.8 111 I I
MRI_3 1359 133.6 | 138.7 I [ I
MRI_4 148.0 1475 | 1448 I I [
MRI_S 128.0 126.8 | 127.8 m I I
Overall Warp Legend: [ = Best
Ranking oI I I [I = Medium
(Across subj.) [II= Worst
MRI_! MRI_2 MRI_3
wl mwz W w3 wi wswz

MRI_4 MRI_5

w2 w1
CD} w3 @ @ w2 w3 @

Figure 38. Planar representation of the quantitative warp evaluation
on the MRI data in wavelet space (Daub4).

another (transform) domain, where we simplify and solve the problem, and

pull the solution back into the initial signal domain.

Second, we use the DFT as a resolution enhancement and image mag-
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nification device. We show by examples that the image-blow-up technique
induced by the (resolution-independent) fractal transform produces better

results than the most popular methods of bi-linear interpolation.

Third, we believe that the metrics we define on subsets of the transform
space (S.) are useful in comparing different warps and warping algorithms.
We propose goodness of warp criteria that are fast, automated and do not
require manual determination of anatomical landmarks and other fiducial

points, curves or surfaces.
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CHAPTER II
SUB-VOLUME THRESHOLDING TECHNIQUE FOR ANALYZING
FUNCTIONAL HUMAN BRAIN DATA

In this chapter we propose a new method for determining an optimal
threshold value, t,, for human brain functional images (PET, fMRI) repre-
senting the difference between baseline and activation (stimulus) conditions.
This sub-image technique is applicable for a single difference image as well as
for multiple images. The implementation of this algorithm is straight-forward
using the formulas we derive in Section 3 for estimating different variances.

We have tested this method on human brain functional data (PET).

The main purpose of approximating the ultimate intensity threshold
value is to be able to simultaneously denoise the data and determine which
areas of the brain light up under a stimulation condition. Qur test is more
conservative than the commonly used T — test (done on difference of aver-
aged images), but less conservative than the Bonferroni's procedure test.
An important advantage of our method is the low computational complex-
ity. The performance of this test relative to the novel approach of Keith
Worsley [1994], which uses the expectation of the Euler Characteristic on
excursion sets, is not discussed in this chapter. Nor is the performance of
our method compared to SPM (Statistical Parametric Mapping, Friston et
al. [1991]), because we are mainly concerned with single subject (activation
versus baseline) studies.

In functional imaging there are at least five major sources of error in the
variance estimates [Friston et al., 1990]. (Signal variance estimates are the
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foundation of the analysis for determining the statistically significant changes
of metabolic activity.) Morphological (brain positioning) spatial differences
between the activation and the baseline scans; Second, using an inadequate
statistical model; Third, differences in global activity in various regions of the
brain; Fourth, inter-subject density variability effects (for multiple-subject
studies); and fifth the poor resolution of the imaging equipment (Friston et

al., 1990).

In the sub-volume thresholding (SVT) technique the above potential er-
rors are accounted for as follows: The probabilistically defined regions of
interest (ROI) would control for the small local morphological differences of
the activation and baseline images, after a rigid-body, affine or non-affine
warping is performed. In the examples we present the more global morpho-
logical registration is achieved by a polynomial warping technique (Woods
et al., 1992, AIR). Modeling different ROI's as separate stationary random
fields avoids the problem of non-uniform global activity within the brain. Of
course, the choice of ROI’s, defined as probabilistic (cloud-like) atlases, de-
pends on the particular functional study. For single subject studies there is
no across-subject variability. For multiple-subject studies, or for subject-to-
group or group-to-group comparisons, one could invoke an approach similar
to the block design of SPM’s (Statistical Parametric Mapping), to account

for the systematic inter-subject differences (Friston et al., 1991).

The SVT method capitalizes on the fact that it requires no multiple scans
of the same or different subject(s), and avoids the noise caused by inter-
subject-variability. Moreover, it allows the incorporation of prior anatomical
information within the process of determining appropriate threshold value(s)
for sub regions of the brain. The correction factors for the necessary vari-
ance estimates are expressed in closed form as functions of the spatial auto-
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correlation Gaussian model for the case of rectangular structural image par-
titioning. More general anatomical and probabilistic type structural image
segmentations, and the stochastic approximations of the corresponding cor-
rection factors are also discussed .

In Section 1, we explain the main ideas underlining our ”sub-image”
thresholding method. Formulas for the required estimates of variances are
derived in Section 1.2. A simple example involving a square-type partitioning
of the domain of a 2D (PET) difference image is presented in Section 1.3. A
family of useful admissible covariance models induced by a class of continuous
functionals are presented in Section 2. Such covariograms appear naturally
in our (spatial) density auto-correlation models, independent of the adopted
density distribution (Z,T, F,x? etc. fields).

In Section 2, we discuss classes of permissible covariograms studied by
Christacos {1984], Matern [1986], Cressie [1991] and others. We prove that
the class of continuous functions we use in our SVT model induce valid co-
variance functionals. Finally, in Section 3, we presents a number of examples

illustrating the use of the SVT methodology.

1. The Sub-Volume Thresholding Technique

1.1 Foundations of the Statistical Analysis

Suppose Xt and X" represent the signals (functional images) of a
subject(s) under baseline (rest) and stimulus (activation) conditions (X =
Xget s X7 = X773t ) on a 3D (or 2D) grid. Let D = Xot — X" (D = Dy, 4)).
Suppose also that the image D is partitioned according to some prior anatom-
ically relevant basis. We think of D as being a disjoint union of images,

D =UM_, Dm, Figure 39. Observe that, depending upon the particular study,
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the partitioning sub-images may be topologically connected or disconnected.
The latter case could be applicable for studying regions only functionally
connected. The reader is encouraged to think of the domains of the par-
titioning sub-images as being rectangles or parallelepipeds (in 2D and 3D,
respectively). The first example we present in Section 1.3 involves one such

(square) sub-image.

Figure 39. Geometric (left), Specific-anatomic or Anatomic-average (middle)
and Probabilistic (right) partitioning schemes.

We will now describe a technique that determines whether a significant
activation occurs within each sub-image D,,, and if so, locates the activation
sites (voxels).

Let us concentrate on one sub-image, D.,, and think of it as a separate
image. It is well-known that neighboring voxel intensities are highly corre-
lated due to imperfect resolution of the imaging equipment, noise effects and
the physiological nature of brain activation. We assume that the standard
deviation of the Gaussian (covariance) smoothing kernel is known. Let p? be
its variance, and p = 2\/p? (thus two voxels farther apart than p are essentially
uncorrelated).

A reasonable estimate! of the variance of the image Dm, ¢3_, is the sub-

sample variance of a random collection of voxels (/) within the domain of D,

! The common "hat” notation,”, is used for estimated quantities.
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that are far enough apart from each other.

=15 5 (Dmliik)-Dp)’

(i.J.k)ET

where

Z Du(i, j, k)

(x Jk)ET

Under normal assumptions, once we have an estimate for ¢} ., we do

voxel-wise Z — tests
Dm (i, 4, k)

gk = 5=
to determine the location of the statistically significant sites of activation
within D,. Another measure of location activation (longitudinal, across-

subjects) can be obtained by using multiple (registered) difference images

{D!,}E,. Then for each voxel we do a T-test

—',f
T j.k) = Dnlid )

L :_——2
(Dhaivi ) Din(i3, )
2 =

=1

-

where D_(i, . k) = %iDﬁ,,(i, j.k) is the across-subject average at r =
(i,j, k). One could also ﬁllil meridianal (across-voxels, spatially) estimates
of signal variances. Hybrid (longitudinal-meridianal) methods can also be
employed.

Because of the large number of tests (number of voxels within a search
region may be larger than 2!8) we will correct for the increasing false-positive
test-error by testing at a significance level o, = i where |/| is the approxi-
mate number of voxels (within the search region) that are uncorrelated with
(1 - a)100% confidence. Typically, the initial significance level o = 0.05. This
hypothesis testing is less conservative by the well-known Bonferroni correc-

tion procedure.
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Qur first task, however, is to find out if there is a need to search for
activation inside D,. The partitioning of the original image into a disjoint
union of sub-images will be done according to a scheme based on a priori
anatomical (or even functional) information.

One of the main ideas of this method centers around identifying the sub-
images D, in which activation occurs with high confidence. These D,,'s are
going to be the only ones that we will subsequently search through voxel-
by-voxel. We first begin by estimating the standard deviation of the sample

average

- L o
Dm = n z Dm(lv.)v k)y
Lot (i j.k)eDom(Dm)

where n., is the total number of pixels in the domain of the sub-image D,,.
Then using the standard error of 5,',.- we will test the sub-image D, as a
whole entity, for activation.

There are two fundamental assumptions we make in our model. The
first one is that the neighboring sites (voxels) have Gaussian auto-correlation
depending on the distance between them. The second implicit assumption is
that the intensities at every voxel are normally distributed with mean zero
and some unknown variance. Both of these hypotheses are reasonable and
we now proceed to show this theoretically, using the physical properties of
the imaging procéss, and empirically, using plots of real PET data.

If we place a single point-source of radioactive isotope in the center of
a PET camera the image we obtain looks like a smeared blob, the result of
a low-pass filter processing [Worsley, 1996]. Figure 40, displays the initial
(real) image being scanned, on the left, and a side-view of the observed
data, on the right. Indeed, the smoothing kernel has a bell-shape and can
be modeled by a 2D normal distribution. In the Appendix, we describe
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the fundamentals of the PET imaging technique. which we use to motivate
these two reasonable assumptions. Briefly. there are two main reasons for
observing (Gaussian) smooth PET images. The first one is the nature and
the physiology of brain activation - blood flow changes occur smoothly and
homogeneously. The second reason is the stochastic nature of the path of
the positively charged 3 particles. (from their emission from the nucleus
to their collusion with negatively charged electrons) and the attenuation
effects causing close voxels to have highly positively correlated intensities.
Coupling every detector. in the PET scanner. with several other detectors
in a neighborhood of its 180°-opposite also introduces a distance dependent

auto-correlation function similar to a Gaussian.

Figure 40. Gaussian voxel intensity correlation.
Point-source isotope data (left). observed image (right).

To explain the rationale behind the assumption for normal distribution
of the voxel-intensities we again refer to the physics of the PET imaging
technique, see the Appendix. A PET scan is constructed by detecting, com-
paring (times/places of arrival) and counting dual-photons emitted in the
process of proton-electron annihilations. Photon strikes can be regarded as
random arrivals, and modeled as a discrete Poisson process. Because of the
large scale of this stochastic process its distribution can be approximated by
a Gaussian (of mean zero, and some variance). Empirically. we demonstrate
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the normal structure of the voxel intensities by taking 70 randomly selected
intensities (that are far enough from each other and are not significantly cor-
related) of a difference image. Figure 41 shows the values of the differences,
on the left, and the quantiles of a normal distribution (having the sample
mean and variance of the difference data), on the right. The almost linear
relation of the data and the normal quantiles yields that the sample was

drawn from a (unknown) distribution closely related to normal.

L]
. * . -.
L] [ ] -

o . * =) i

N UL ) 3
n .. [ ] 7
jo] 3 e ® o @ X ) ]
Q . . Q
[ =4 . L] - c
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Figure 41. Normal nature of voxel-intensities.
70 randomly chosen differences (left), sample/normal quantiles plot (right).

1.2 Estimates of Variances

For simplicity of notation we will be suppressing the subindex m, and
regard D, as a whole new image, D. Assume that our data is a stationary
Gaussian n-dimensional random field D, [Adler, 1981]. Then D has constant
(across-voxel) mean E(D.) = u = const, for all £ € R*, and and a spatial auto-
correlation function of the form Couv(D:,, D.:,) = C(z1,z2) = c(z; — z2), where
c: R* — R. Let z; = (i1, j1, k1), 22 = (i2, jo, k2) and d(z1, z2) be the I, distance on
R3. Then suppose Cov(D;,, D:,) = ;gp“(’h’?), where as before p is a measure
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of the smoothing (noise) kernel. This Covariogram is in fact valid; that is, it
is positive definite and underlined by a legitimate Gaussian probability (see
Section 2). If the domain of D is a cube (square in 2D) of size n, then the

total number of voxels in Dom(D) is neee = n3 (neer = n* in 2D) and

A" — l
o5 = Var(D) = Var ( Z D(i'j.k)) =

Mot ; i k)EDom(D)
!

Y Y CoubaDn)=
tot - eDom(D) r2€Dom(D)

1 -——— -
=—3 (n:ato'zp'f' Z a’:’bpd(rl'u))

n2
tot z1,23€Dom(D),zy #z4

Define

A= Z o%pd(rl’“)
ry,r96€Dom(D),ry #za

We derive an explicit closed form for Var(D) in 2D and state its extension to

3D.
Claim 2.1.
., . n-1 2
Z le il — 9 Z p|1 ;|=2(P(1 )_ IP 2(1_p(n—l)))
i#i,1<i,j<n 1<i<j<n -P (1-p)
Proof:

-1
Z Pt = "Z: p* P
k=1

1<i<j<n

where P is the number of pixels {(i,j): 1<i<j<n, j—i=k}. So,

Pe=|{i: 1<i<i+k<n}=(n—k)

n-1 n-1 n—1
Y A= Fm-k =) - k=
k=1 k=1 k=1

1<i<j<n
n~-2 n-—1
S NI
k=0 k=1

- -1 -

=pn p =
l-p = 1-p (1-p)?

a2
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_ p(n—1) fl-d“‘
T 1l-p (1-p)2"

Claim 2.2. In 2D, if z; = (iy,j1) and 22 = (2, j2) then

Z pd(-:lv:2) — (p(n et 1) —p2 1 —pn—l)2
l-p (1-p)?

1£12, 01772

Proof:
Z Z pd(xl £3) —

{i1#12,1<0y,12<n} {f1#F2,1<H1.ja<n}

= Z Z p[i1°i2|+lj1—i2| =

{i1#i3,1<i 638} {J1#72,1<51.J28n}

= Z plfl—fal Z pljt—jal -
i1#43,1<01,i3<n J1#73,1<51,728n
i)

=12 Z pi:-'fv. 9 Z piz—jt =4 Z pi:—ix =
1$i1<i35n I.Sj;(j;Sn 1$i1<i35n

_[eln=1) gl—p"-‘r
_4[1—p =p)2

The last equality follows from Claim 2.1.

Claim 2.3. In 2D, A> (= A) can be expressed as:

fo—aT | (Pn=l) 1= fp(n=1)  g1=pttt
A%'%b[(l-p —p(l-pP> +n( L—p ’”(1-m2)]

Proof: We use the following disjoint decomposition of the index set Q =

{{ir # 2} U{ # 421}

Q=0 J2(J
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where @, = {{i#LlN{h#i}l, Q@ = {{a#ielNi=j}} QB =
{{iv = 2} N{r # j2}}, and

Q, & C{(i.j); 1<ij<n}

As = 0‘% Z pd(&'h:z) = O.L’D Zpd(-tl.tz) =
I #ET) 19

=} [Z plermsl 4§ pdleneai 4 Zpd(:l,m} =
[ 3% Q2 Q3

= n—1 o1 =pn-1\? P P
=3 l}l (P(l—p ) - (l—pp)2> +n Z plu—nl +n Z lel—Jal}

i1 J1#72

Rearranging the terms and using Claim 2.1, we get the above form for

A

-
2

Then the estimate of the variance of the average D, %, can be expressed

as a function of p:

. 1
B(p) =0t = —— |Madh + A2 =
b "':at J

_% pn—1)  ,1—p"=)?
T nd [n‘°‘+4<( i—p * (l—p)’) +n>} (t

Note: These formulas can be generalized to include rectangular parti-

tionings ( Dmxn) and to 3D using the 7-term disjoint decomposition for

a={{i# Ul # R Utk # k3 =2 U JasJaUas s o

where

Q= {iy # 2} {0 #i} [ Wkr# ka} Qo={ii# i} (i # j2 (kL = k2}
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Qs = {iy # ia} [ V(i1 =j2} [ k1 # b2} Qu = (i = ia}[ [ir # o} \{k1 # k2}
Qs = {iv # ia} [ VU1 =2} Wki = ko} Qs = {iv = i} [ Yir # 2} [ k1 = ka}
Q7 = {iy = ia} [ \{jr = ja}( [{k1 # &2}

The explicit formula (3D case, for a cubical search region) for a/'% = o(p)

is:

3L =y 5
8(p) = 7%= o [rewoh + 3] (13)
where,
— -1) S 1=pn-17? 2 [p(n—=1) ,1—pn-17?
As=od [ 2° [”(" -0 —| +3n22 — +
? D( I-p " -ep I—p P I=pp
aq | p(n = 1) .,1—p”'1])
+3n-2[ -p° 2
i—p P (-pp

Because D, ~ N(0,03), Yz and D ~ N(0, 0%) we standardize D to determine,
using a Z - test, whether activation occurs within the whole (sub-)image D.

As a result only if the test statistic (under the null hypothesis, H, : up = 0)

Z =

cql)l ol

is large enough will we search through D voxel-by-voxel to determine the
location(s) of the activation site(s). For this we use T or Z — tests as we
described previously.

The above technique for determining the significant regions of activation
allows variable thresholding of functional data on different anatomical regions
of the brain. In general, the activation sites found by this method may not
be present on a simple global T statistic image, nor will all of the (uniform)
T statistic voxels appear among the activation sites determined by the SIT
(Sub-Image Thresholding) technique. In addition, if # multiple scans are
available (no replicates) then an estimate of the variance of the mean of the

k

k
data is obtained by ¢® = 11> (i — p)?, where p = £ i is an estimate of

=1 =1

95

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



the average of the means y;. This, in general, yields tests with low degrees
of freedom (df < 15) and often hybrid methods, where the variance is pooled
spatially and across-subjects (meridianally and longitudinally), are employed
to increase the degrees of freedom and the accuracy of the tests, Friston
[1991].

For more complex regions such nice closed mathematical expressions of

the variance estimates are not available. In which case one writes

0%2 = Var(D) = Var ( L Z D(,-,j_k)) =

n
¢% (i,j,k)eDom(D)

Y Cov(D:,,D:,) =

n
tot -, eDom(D) ry€Dom(D)

T, r1€Dom(D)

1 dx'am(D)A . 1 diam(D)
T S a0 % =g (LR
"zat n

= l( > %P“"""’)=
ntot

k=0 tot  r—g

where P = |{(z1,22): 21,22 € Dom(D), d(zy,z2) = k}|, and diam(D) =
max{d(zy,z2) : £1,Z2 € Dom(D)} 1s the usual diameter of the sub-volume D.
There seems to be no simple closed form for the factors P for an arbitrary
region D. Also, for computational purposes it is not feasible to do an exhaus-
tive search throughout the domain of D. In our tests we have used stochastic
approximations of P, ¥k (under /; distance) that yield in fact stable estimates.
We define the expressions

diam(D)
CF= > R

2
Mot k=0

as Correction Factors. These are the scaling factors needed to estimate 55°,

¢y = épVCF. For the 3D probabilistic partitioning shown on Figure 44,
the simulated correction factors for all ROI's seem to be uniformly bigger
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than their exact counterparts, however, the errors are all within 1%. Ta-
ble 11 contains the values of both types of estimates of the CF’s for the 5
ROT’s rescaled by a factor of 10%. Here, the random search picked one out of
1,000 voxels. In addition, Table 11 contains (3¢ row) locally obtained exact
estimates of CF. Because of the Gaussian auto-correlation model one may
assume that local search could approximate well the exact correction factors.
For each voxel v we used a search neighborhood N(v,20) = {w: ||w — v||, < 20}.
For comparison, the magnitude of the Gaussian filter is about 6 voxels. Still
the local estimates are about 2% lower than the exact values of CF, which
leads to under-estimating the true variance and overestimating the Z test

statistic and thus less conservative analysis.

Table 11. Stochastic estimates vs Exact values of the correction factors.

—

Probabilistic
ROI ||Cerebellum |Frontal |Occipita] Parietal | Temporal
gflgtgygg afggm Lobe | Lobe Lobe | Lobe
Stochastic Estim.
of Corr. Factors 665 274 773 446 533
(1/1000 pt)
Globally Obtained
Exact values 661 272 766 443 529
(Exhaustive Search)
Locally obtained
Exact values 648 267 752 435 520

(Exhaustive Search)

1.3 A simple 2D Example

Suppose we consider a 16 x 16 square sub-image of a 128 x 128 image. Then
n = 16, noe = 162, Assume also the Gaussian smoothing kernel (related to the
FWHM, Worsley [1994]) is determined by p = ¥2. Then an estimate of the
standard deviation of the average, D, is obtained by plugging in equation
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(14)

55 = & x 0.3357

Figure 42. Original baseline (left) and stimulated (right) PET images.

Figure 42 depicts the original baseline and activated PET images and
the left image in Figure 43 shows the difference image (D = X% — x7est). In
this example we have concentrated our search on a part of the visual cortex
(small boxed regions in Figure 43). This clearly illustrates that our sub-
image testing technique is far more conservative than the uniform T — test

(middle, Figure 43).

Figure 43. Difference image (left), Uniform T — test image (middle),
Sub-image test (right).

The main reason for the variation of the significance levels of the boxed
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sub-images is the difference in the variance estimates. For the global T-test
(middle, Figure 43) we have pooled the variance estimate over the whole im-
age, while in the sub-image test (right, Figure 43) the local variance estimate

was used to evaluate the T-statistic.

2. Validity of the Covariogram Model

We now proceed to show that the covariogram we adopted (Sections
1.1 and 1.2) and used is permaissible (valid), that is, it is underlined by a
legitimate probability model. In general, a continuous function c(k) : R* — R
is an admissible covariance (covariogram) for a stationary random field D,

on R* [Adler, 1981] if and only if ¢(k) is non-negative definite!, that is

n

Z Zaka_tc(l‘k -z) >0

k=1 =1

for all a = (ay, @2, --,a,)! € C*, where c(zx — z1) = Cov(D;,, D;,) and E(D.) = p,

vz by stationarity.

Theorem 2.4. A continuous function c(h) is non-negative definite if and only if it can be

expressed as the Fourier Transform of a non-negative bounded measure ¢, that is
c(h) :/ e*FI<WA> 44 (w),
ﬁn

n
where < w,h >= Z wih.
k=1

Proof: [Bochner, 1956]
Note: If both ¢(h) and its Fourier transform &w) are in L;[R"], i.e. both are
measurable and have finite L, norms, then the above criterion is equivalent

to saying that the Fourier transform of c(h)

d(w) = / c(h)e <> gp

! The "bar” notation, ~, indicates complex conjugation throughout this
section.
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is non-negative [Folland, 1984].
Proposition 2.5. If || ¢ ||y is the [, norm on R3, (||k||; = |h1| + |h2| + |ha]), then the

function c(h) = Kpl™ls 0 < p < 1. induces a valid covariance functional

3
Cov(Dz,, Dz,) = C(z1,22) = c(21 — 22) = c(h) = Kpllli = K TT ol
k=1

for any positive constant K (in our models we have used K = c},).

Proof: FT(c) = c(w) = [ [ [ gac(h)e 2™ <hw>dh =
- K‘ (/ plhlle—'.’ﬁ’ihlw‘dhl) (/ plhgle—:!ﬂ'ihgw;dhz> </ plhgle—gh‘ihgw;dh3> —_
R R R
3 3
=K H/ plhkle—gﬂ'f’lkwkdhk =K H/ elhu[ln(p)e-'zn—ihkwgdhk .
k=1’ R k=1’ R

3
a
=2k [[ 5—= 20
k=la-+bk

where a = —In(p), and b; = 2rwi. Further, |[c(w)|[; < ~. The last equality
follows from the fact that an integral of an odd function on a symmetric

interval is zero. Therefore, if a is a constant

/ e~lzlag=2mizw gy — / e~ 1*19(cos(2rzw) — isin(2rzw))dz =
R R

a

= 2/ il cos(2rzw)dzr = 24—
0 a® + (2rw)?

Observe, that similar approaches could be used to show that any I, norm
on R" would induce an admissible covariogram model of the type c(h) =
KplMlz. In addition, having that c(h) is valid on R® implies that it is also

valid on R"-*, for 0 < k < n, see Christacos, 1984.

Now we will prove a Lemma that is essentially the "if” part of the
Bochner’s theorem that would allow us to verify the validity of this covariance
model ¢(h) = Kp*? in a slightly different (easier) way.
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Lemma 2.6. If the Fourier transform of an L; function, c(h), is a non-negative L, function,

¢{w), then c(h) is non-negative definite.

Proof: Since c(h) € L;(R"), the Fourier transform of ¢ exists, FT(c)(w) =

&(w) = / ) c(h)e=?"<wh>dh and c(h) = / nez"i<'”"’>'c"(w)dw. Therefore,

c(ze — 1) =/ X (<wiZk> = <wE )G ) dyy
n

Expanding the quadratic form

n n n n
Z Zakﬁdzk _ J-’I) = ZZ (akW/ ezri(<w,rk>—<w.::>)E(w)dw
Rn

k=1 (=1 k=11i=1 )

— / ZZ (ake27ri<w.:k>ae-2m'<w,:,>'c~(w))dw =
Rn

=/m

The last inequality follows from the assumption that the Fourier trans-

2

c(w)dw >0

n

Vs
ale-'r. 1<w, 1>
1

=

form of ¢(h) in non-negative.

A

Using Lemma 2.6, instead of the Bochner’s theorem, and Proposition 2.5
we see that the covariogram induced by c(k) = K"z is permissible for any

positive integer p.

3. Applications of the SVT Technique

We now discuss a few examples that use a probabilistic partitioning based
on the space-filling atlases developed by Evans et al. [1996]. These stereo-
tactic human brain atlases were produced using 53 normal (25-35 year-old)
subjects and include nine segments (ROI's). We used the following 5: cere-
bellum, frontal lobe, occipital lobe, parietal lobe, and temporal lobe. Figure
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44 shows sagittal. coronal and axial views of these color-coded structures.
Every voxel (volume-element. equivalent to pixel in 2D) within an ROI has a
probability map associated with it that gives the chance that this voxel lies
within the ROI for an average "normal” brain. Brighter colors. within the
ROI. indicate higher probabilities, and the colors dim toward the boundaries

of the ROT's.

Figure 44. Five probabilistically defined ROI's.

The first example (ex. 1) represents a hypothetical situation. For a
PET volume. Figure 45. the five ROI's were tested for statistical significance
using hypothetical " prior” knowledge about the expected average activation.
Throughout this section we use the short notations "¢’ - cerebellum: "f” -
frontal: "o” - occipital: "p” - parietal; and "t” - temporal lobes. We have

tested the following hypotheses:

Ho :ppe =90 Ho:pp =110 Ho:po=105 H,:pp=95 H,:p = 100

102

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Modulo these prior averages, our study concludes, Table 12, that there
is (global) statistically significant activation in all of the segments except the
temporal lobe. The values of the Z statistic on the 5 different search regions
are computed using the formula ¢ = 75v/CF, where CF are the "correction
factors” for the ROI. The values of CF rescaled by a factor of 106 are listed
in Table 11. Figures 46 and 47 illustrate the locations of the significant
perfusion (brain activation significantly higher/lower than the mean for the
ROI) within the globally statistically activated ROI’s.

Table 12. Global sub-volume statistical analysis of a single PET volume (ex. 1).

Statistics & Mean Standard | Rop | Signif. of
§°8fbi“5‘ic Null Actual Deviation {Z statistic | Atlas
Cerebellum 90.00 87.21 40.80 2.18 Signif.
Flontal Lobe 110.00 113.11 46.61 2.80 Signif.
Occipital Lobe 105.00 | 123.34 49.21 | 1537 | Signif.
Parietal Lobe 95.00 109.20 47.36 5.82 Signif.

Temporal Lobe 10000 | 99.15 | 5244 | 050 ot Signif.

Our second example (ex. 2) involves pre- and post-treatment metabolic
study. A subject was scanned twice, Figure 48. The first time under a drug
(scopolamine) treatment and the second time without the drug treatment.
The averages and the variances of the two volumes were then equalized.
Normalization preprocessing steps were necessary because "blood-curves”
for that study were not available. Bringing the volumes in the "same” image
space is required by the fundamental assumption (frequently used in prac-
tice) that activation (metabolic activity) causes reallocation of CBF (cerebral
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Figure 45. Registering the Functional data onto the average structural image (ex. 1).

blood flow). instead of increasing the global amount of CBF in the brain.
The problem is to identify the regions of the brain that showed significant

changes. Separate views of the positivelv and negativelv statistically ac-

tivated regions are shown on Figures 49 and 30. According to the SVT
analysis. all ROI's exhibit significant metabolic perfusion except the occip-
ital and parietal lobes, Table 13. Cerebellum and frontal lobe contain the
most profound changes. which means that the drug targets these regions.

Figures 49 and 50.

The last example (ex. 3) involves a motor-study. Its geared toward val-
idating SVT testing for the well-known effects of motor studies. A subject
is asked to trace a moving target once with his right hand and once with
his left hand, Figure 51. Two volumetric PET data sets were obtained for
the two paradigms and used to test the single-subject SVT for accuracy and
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Figure 46. Statistically significant regions of activation. as determined by
the sub-volume technique (ex. 1).

robustness. The density normalized volumes were also stereotactically (spa-
tially) registered (AIR3.0. Woods [1992]) to the anatomical atlas associated
with the Evans et al. [1996] probabilistic atlas. middle Figure 52.

It is well-known that motion stimuli activate neurons in the motor-cortex.
Figures 53 and 54 display the statistically significant metabolic variations for
the “right - left” and the "left - right” hand difference images. respectively.
As expected, the left-hand study stimulated the right frontal and parietal
lobes, and conversely the right-hand paradigm activated the sensory-motor
cortex in the left frontal and parietal lobes. Moreover. our statistical anal-
ysis shows that frontal. occipital and parietal lobes are globally statistically
significant and the temporal lobe is not (cerebellum was excluded from that
study), Table 14.

For these single-subject studies we could not compare the SVT results
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Figure 47. Statistically significant changes overlaid on the (Activation)

Table 13. Sub-volume statistical tests on Activation vs Rest functional images (ex.

functional volume (ex. 1).

JWUSUCS & || Mean | Standard | ROI ]Signiﬁcance
]l;rgll)abilistic (difference ) | Deviation |Z statistic A(t)lgs
Cerebellum -6.43 22.23 9.23 | Significant
Frontal Lobe 5.68 14.27 16.68 | Significant
Occipital Lobe 0.66 18.36 1.47 | Not Signif.
Parietal Lobe 0.20 14.60 0.27 | Not Signif.
Temporal Lobe 7.35 1544 14.68 | Significant

with other multi-subject functional analysis tests (SPM. ANCOVA. Wors-

ley’s Euler characteristic etc.). However, we did evaluate the performance of
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Figure 49. Positively activated significant metabolic changes ( Active-Rest. ex. 2).
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Figure 50. Negatively statistically significant (decrease) ROI's
(Active-Rest, ex. 2).

the SVT test with a simple 97 percentile thresholding (SVT tests were done
at 97% level. as well). Separate views of the positive and negative significant
changes are shown on Figures 55 and 56. The two techniques are compared
using the scopolamine treatment example (ex. 2). Interactive comparison
of the data reveals some similarities and some differences between the two
methods. One such significant mismatch is marked out on Figure 57. A rela-
tively large region in the right temporal lobe appears only in the simple 97%
thresholded image (middle column). The absence of this region of activation
in the SVT image is the difference between the variance of the image over

the temporal lobe and the variances of the other ROI’s.

4. Discussion

108

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Figure 52. Registering the functional data to the anatomical atlas (ex. 3).
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Figure 33. Positively statistically significant differences:
Right-Left hand motor study (ex. 3).

In this chapter we introduce and test a new sub-volume thresholding
(SVT) technique for statistical analysis of single-subject functional data
(PET, SPECT. fMRI). We spatially sub-divide the volumes into geomet-
ric. anatomical or probabilistic search regions based on different structural
constraints on the data and various prior beliefs about the functional study.

Following this partitioning step. two types of statistical tests are ap-
plied. The first one. fundamentally dividing the SVT method from other
techniques for statistical analysis of functional images. is aimed at deter-
mining the global significance of the functional data over each search region
separately. Depending upon the topology of a sub-volume of interest we de-
termine an estimate for the variance of the average of the signal (difference
image). These estimates are then used to assess the global significance levels
of the ROI's.
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Figure 54. Negatively statistically significant differences:
Right-Left hand motor study (ex. 3).

Table 14. SVT statistical tests on Right-hand vs Left-hand motor study (ex. 3).

Sausics & |l Mean | Standard | ROI  [Significance
grglraabﬂisu'c ( difference ) Deviation |Z statistic A?lg,s
Cerebellum -- -- - --
Frontal Lobe -0.60 11.74 3.07 | Significant
Occipital Lobe 0.90 10.98 2.94 Significant
Parietal Lobe -047 8.43 2.61 | Significant
Temporal Lobe 0.21 11.47 0.81 Not Signif.

The second type of statistical testing is to determine the location (voxels)
of statistically significant metabolic changes. This is a standard procedure
in most techniques for functional image analysis. However. the SVT differs
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Figure 55. Positively activated significant (increase) changes, SVT left, Simple 97%
thresholding, middle. Results are superimposed in the right-most column.

-

Figure 56. Negatively activated significant changes, SVT left.
Simple 97% thresholding, middle.

in that location tests are run only over the search regions of high significance
levels. according to the first tests.
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Figure 57. A major difference in the statistical analysis. between SVT (left) and
Simple 97% thresholding (middle) methods. in the right Temporal lobe.

Various examples of motor studies and pre/post drug treatment are dis-
cussed and compared to the simple 97% thresholding in active-rest single-

subject studies.
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CHAPTER III
FREQUENCY ADAPTIVE WAVELET THRESHOLDING METHOD

In this chapter we will try to combine knowledge from the areas of
Wavelet Analysis, Decision Theory and Parameter Estimation to address
problems arising in Image Analysis. In particular, we are interested in devel-
oping a new " Cluster Group Classification” (CGC) method for quantitative
evaluation of families of image-registration techniques applied to groups of

volumetric data.

We first motivate the study by looking at a 1D signal and the effects of
thresholding the wavelet coefficients. Following an approach of Donoho &
Johnstone we use decision theoretical methods and least-squares estimates to
propose a meaningful (in an "optimal estimator” sense) scheme for denoising,

analysis and comparison of signals in wavelet space.

Along the way we will summarize the theory behind Multi-Resolution

Analyses, wavelets, the discrete wavelet transform and their properties.

We will propose a "soft-thresholding” nonlinearity on the wavelet coef-
ficients, and will exploit its optimality characteristics (regular and asymp-
totic). Finally, we will apply the theory to a collection of 3D PET data and

evaluate the performance of three warps based on the CGC method.

1. Preliminaries

1.1. Motivation
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Our main interest now is to develop a quantitative group ranking of
various image registration techniques. To do this we will transform all warped
data from the usual "spatial-domain” to a new "wavelet” space. The reason
behind that is a two-fold: We can do image compression in wavelet space and
thus have a way of extracting concisely the information content of the warped
data, and secondly, we have a meaningful way to denoise the images (in sense
of optimizing certain Risk functions) using their wavelet transformations.

Figure 58, depicts this graphically.

T Qg
0 &

Wavelet Transform

Wavelet
Space W(Wp2)
w(D) W

Figure 38. Image Analysis in Transform Space.

In Figure 59, we show the 5 original volumetric data sets (left-most col-
umn), their LS warps (second column), MI warps (third column), AF align-
ments (fourth column) and the target volume in the right-most column, see
Section 1.5.3.2. Our ultimate aim in this chapter is to quantify the group

performance of these 3 registration algorithms.
1.2. General Problem

We now try to find a concise image representation that contains the
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Figure 39. Five PET Data volumes, their LS, MI and
Affine Warps, and the Target volume.

essential part of the signal. From an empirical point of view, thresholding
the wavelet transform provides a way to extract the essence of the data
content of a signal. In Figure 60, we have an image (dotted curve) and its
wavelet transform (solid brighter curve). It is visible that very few of the
wavelet coefficients, across frequency range and location, have magnitudes
larger than 0.3. A natural question to ask is "If we set to zero all wavelet
coefficients smaller than 0.3 and then recover the image (invert the WT) will
we get a reasonable representation of the original function?” An example
illustrating the answer to that question is shown in Figure 61, where we used
only 0.5% of the wavelet coefficients to recover the ”"HeavySine” function.
Even though the new signal is not a perfect approximation of the original,
at 200 : 1 compression it does capture the main trend of the "HeavySine”

function.
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Figure 60. The "Heavy-Sine” Function and its WT.

Figure 61. The "Heavy-Sine” Function and the IWT of its
WT thresholded at 0.5 percent (200:1 compression).

The above leads us to the empirical conclusion that the iarge in magni-
tude wavelet coefficients indeed determine the core of signals.

Question: How do we select a meaningful wavelet thresholding scheme?

Answer: Select a thresholding method that denoises the signal at the

same time.

1.3. Decision Theory

Suppose we have data {Y;} and we propose the following
Model: Y; = f(t;) +€, 0<i< N =1, e ~N(0.03)/ID.
Our goal is to recover the unknown function f from the data ¥ = {v;}. If
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F={F(t:)} is an estimate of the true function f, we measure its performance
by the average quadratic loss at the sample points
RF.N = <E(IF - AIF) = £ (vf [Fit:) - f(t.-)F)
N N =
Small values for the Risk functional yield good estimates.
Notation: We consider spatially adaptive estimators f defined by recon-

struction formulas
f(o) = T(y.d(y))(e),

where d(y) is a data adaptive choice for a spatially smoothing parameter.
Examples: (a) Piece-wise Constant Reconstruction
L
Tpc(y.d(y))(t) = ) Ave(yi : i € A4)la,(t),
=1
where the intervals 4; form a partitioning of [0, 1] and A; =[0,d,), A2 = [d},d1 +
do), - AL =[dy + - +dg_1.dy + - - +d], with id; =1.

=1

(b) Piece-wise Polynomial

™~

Tep(p)(y, d(y))(t) Z (t) L4, (t)

D
where 7i(t) = D _ axt* are polynomials of degree D on the partitioning subin-

=0
terval 4.

x

Definition 3.1. Ideal Adaptation is the risk performance achieved by our reconstruction
method T(y,d(y)) for the "best” choice (A(f)} of the smoothing parameter d(y) for the

underlying function f. That is:

R(T(ya ) f) N U(T .f) lI(}f R(T(yv d)vf)

is the Ideal Risk.

L
For example, if f = Z pi(t)la,(t) is a piece-wise polynomial of degree D,
=1

then an tdeal adaptation smoothing parameter would supply us with the
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information to reconstruct f separately over A,,As,---,A., instead of over
another partitioning of (0, 1].

1.4. Least Squares Estimates
Suppose we work with a Linear Model

Y=X3+E,

where the design matrix Xyx, is full-rank, £ ~ ¥ (0,02 [y«~) is random noise

and S,y is a parameter vector. Then the LS (least squares) estimator of 3
is defined by

min|[Y - X4|| = |[Y - XBs|l-

In the linear case f.s also can be expressed in the form 3rs

(XTX)'XTY. If Py«n is the O.P. (orthogonal projection) matrix onto the
Rg(X) we get the fitted values

Y = Xds = PY = X(XTX)"'XTY

Var(Y) = Var(X3es) = Var(PY) = PVar(y)PT =

= P’ IPT = 6*PPT = ¢?rk(P) = o*rk(X) =

= o* x (#parameters(8))
Note: (a) E(XALs) = XG;
(b) £ ((XBes - XB)?) = Var(XBLs)-

In our setting, for the model Y; = f(t;) + e;, if F(t;) is any estimate of f,

then the risk measure

R(F.f) = NE(Z(f f(t) YE(IF- A1) 2

i=0

(“fLS - fF ) = i x (NoiseLevel) x

(#parameters),
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since the LS estimator minimizes the square mean error and thus yields
an ideal risk.
L
Example: If again f(t) = Z pi(t) 4, (t) is a piece-wise polynomial of degree

=1
D, then the number of parameters in the system is L x (D + 1), and

Ruolf, ) = L2

Question: Can we approach this ideal performance of an estimator as

measured by the risk functional?

2. Discrete Wavelet Transform - Review
2.1. Multi-Resolution Analyses

Definition 3.2. If there exists a function ¢(z) (father wavelet) satisfying these 3 properties

then the collection of induced spaces {Vi} is called a _Multi-Resolution Analysis (MRA),

and the function ¢(z) is termed the scaling function of the MRA.

(1) v, is the L*(R) span of

{¢(z—s)] s=0,%1,£2,%£3,--},

Vk={f€L2(R)I OEDY dnd)(ka—s)}

$=—0C

and {23¢(2*z—~s)| se€ Z}is an orthonormal basis of Vi;

2) () % =10k

n=-—00

(3) If A denotes the topological closure of the set A, U Vo = L*(R).

n=-—oo

Note: Since ¢ € V, C Vi = span{¢(2z—s)} then there exist constants (wavelet

filter coefficients), {d,},

$(z) =) _ dyp(2z - s)

S€EZ
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Definition 3.3. Having the scaling coeflicients {d,} we define the Mother Wavelet by

¥(z) = Z (=1)°dyc16(2z + s).

Notes: (a) {25w(2*z - s) | s,k € Z} is an O.N.B. (orthonormal basis) of
La(R);
(b) In practice only finitely many of the filter coefficients are non-
trivial;
(c) Following Daubechies {1988] wavelet construction algorithm, if
d; =0 for all s < m; and s > M;, than the induced wavelets are compactly

supported on intervals of length S=2K - 1= M; — m
supp(é) = [0,2R — 1] supp(y) = [—(K — 1), K]
(d) If M = K—1 than all wavelets W; (y) = c1¥(cay +c3) have vanishing
moments up to order M.

/ v(y)dy=0, 0<I<M
R

(e) w(y) € C¥(R), and the number (M) of non-trivial wavelet filter

coefficients affects the smoothness characteristics of the induced wavelets.

2.2. Discrete Signal Representations

Let N =27*! and y = f(i/N), for 0 < i< N~ 1 be a discretization of f on
[0,1]. Given a father wavelet ¢ and the corresponding MRA there exists an
orthogonal matrix W = Wy.x with entries the wavelet filter coefficients (up
to a sign)

w=Wy y=WTw
w = {wi}¥3' = {wjx}, where 0 < j < Jand 0 < k< 29 —1. Also y =

> wjxW;k(i) where W, denotes the n ¢+ (j, k)-th row of W.
7.k
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Remarks: (a) VNW, (i) ~ 25¢(2t — k), for j > j,, where t = £, and v is the
mother wavelet of the MRA.
(b) Nz_:li‘w,-,k(i) =0,for0<i<M,j>j,and 0<k<¥ —1.
(c) \‘;i)lat is the support of W;,?
Recall that supp(¥) = [-(K — 1), K], and Wjk(i) ~ v(27t — k). Thus, t €

(k= (K —1))277,(k+ K)279], and t = & = i2-J+V). Therefore, supp(W; ) =
=2/ ik — (K - 1)), 27 "k + K)] =

=027 (2%-1-5),2"7(2k + 1+ 9)].

(d) To find out if there is a significant change of f near spatial location
t, we only need to look at w;., for j > j, and location indices k, such that
k2 =~ t, t € [0,1]. Furthermore, large wavelet coefficients appear in areas of

major functional spatial activity.

2.3. Selective Wavelet Reconstruction Schemes

Definition 3.4. Selective Wavelet Reconstruction.

Given a list d of pairs (j. k). if w = Wy, the selective wavelet reconstruction
estimator is

Tsw(y,d) = f(i) = Z wi kWi k.
(j.k)ed

Why use such spatially adaptive reconstruction technique?
(a) Oftentimes, the important signal information is contained in a
small subset d of all (j, k) pairs of empirical wavelet coefficients;
(b) Under the model y; = f(i) +e;, if e; ~ N(0,¢?) IID, then z; = We; ~
N(0,0%) IID, since W is orthogonal and : = We ~ N(0, We2IWT) = N(0,02]).
Then the time domain model y = f + ¢ becomes w = 6 + : in wavelet space
with w =Wy, 8 = Wf and = = We.
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All of the empirical wavelet coefficients contribute noise with variance

o*, but only a few of carry the essential information of the image f.

Definition 3.5. Ideal Risk for the selective wavelet reconstruction scheme is

Rvo (SW, f) = inf By .o (Tsw (y, d), f) = Bv.o(Tsw (v, A(f)), ),

where A(f) is the optimal spatial adaptation parameter selecting the "best” list cf pairs

(J, k).

Note: From now on f is a piece-wise (unknown) polynomial of degree D,
fit) = ip,(t)[ 4. (t), where {4} is a partitioning of [0,1]. We also use wavelet
bases :;ilth "number of parameters” M > D.

What is an upper bound for the number of non-trivial empirical wavelet
coefficients of this model?

If 9 =wF¥, then 6, #0 for

(2) 0 < j < jo, Or
(b) for j > j, if the (support of W;.) interval associated with 4;,,
273 (k — (K = 1)).277(k + R)], contains a break point of f. This is because, for

=1
because D < M we have

L
J2 e |0=WE f=) pla = Zaj'ij,k) . by orthonormality of {W;,} and
.k

N-1

Oik =< f Wik >= > fi)Wjk(i) =

i=0

D N-1
=Yg, Y PWk(i) =0,
p=0 i=0

unless a break point occurs in this interval, since W, ~ ¥(2/ — k) and ¥ has

trivial moments up to order M > D.

Claim 3.6. An upper bound for the non-vanishing wavelet coefficients is:

#{(G.k)ed: ik #0} <V 4+ (J+1-7,)SL.
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Note that (J +1—j,) is the number of resolution levels beyond j, and L =
is the maximum number of break points of f. Also, since W;, is localized

near ¢t = k2=, we have
S=l{ki: t=k27 €7 (k- (K -1),27(k+ K)]} =

={ki: h€k—(K-1),k+K]|=2K-1=
= Wavelet_supp_length.

Denote d* = {(j,k) : 6;x #0}. Then,
[d°] < 29 +(J +1-j,)SL.

Let YVis= Zw,-,ij,k be the LS estimator of f. Then f = Z wj Wik is
Ik (J,k)Ed®
also a LS estimator of f = Zej,kwj'k = Z 8; kW, k, since
Ik (Jk)ed

1¥es ~ fII* = minllY = fI = minle]|”

But, [[Y - fIP =W = AHI? = [lw-6* =
Siwik—Gikit= D jwik =il D> lwikl
Ik (2.k)€d” (J.k)gde
The last expression is minimized for w;x =0, for (j, k) & d*.
Summarizing R(Tsw(y,d), f) = §|d"le? < (Cy +CgJ)‘;’$. Thus, the ideal risk

for the selective wavelet estimators is

R0 (SW, f) =0 (YM> .

N

Observe that this upper bound is almost as good as the optimal bound
for the "ideal” piece-wise polynomial reconstruction, Ryq(PP, f) = L(D + 1)%
when we have an access to an oracle providing us with the information about
the break points of f. In general, however, it is unlikely that we would have
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such information. Therefore, as we will see shortly, our adaptive shrink-
age approach producing estimators within In* ¥ of the ideal oracle-supported

adaptation is reasonably good.

2.4. Diagonal Linear Projection Reconstruction

For the model Y; = f; + 02, 0< i< N -1, 5 ~ N(0,1), and ¢ is the noise

level, estimate performance is evaluated by the risk measure
~ 1 - )
RN =5E(IF- A1)

Consider a new, Diagonal Linear Projection (DP), reconstruction
method:

Tpp(Y,d) = {diy:},

where d; = 0 or 1. This estimator either keeps or kills an observation.

Claim 3.7. The "ideal” DP risk is attained for d; = lj;,|5,.

1. a
Proof: R(DP, f) = ir;f R(Tpp(Y,d), f) = ngfzi: E(ld;Y; - fi]") =

= [inf 3 E(avi - ) +inf 30 E(ev: - £iI)

' \fd>e Ifl<e
Note that over the first index set (|| > o) E(|diY; ~ f:]*) > ¢ with equality
attained only if d; = 1, because E(|d;Y; — f;|*) is either equal to |fi| (if d; = 0) or
equal to Eloz|> =o® (if d; = 1). Similarly, Over the second index set (|f;| < o)
E(|d:Y; - fi]?) < o* (if di = 0), and E(|d:Y: - f£i|*) = o® (if di = 1). Therefore, the
infimum is obtained at d; = [j;,|5,-
In other words, R(DP, f) =

1 2 2 1 . 2 i3
=5 LZ o+ Y lfil“} = 3 2 Minllfifo?)

Jd>e |f|'$a

125

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Note: (1) This ideal risk may not be attained for any estimator, but how
close to it can we get?

(2) Rvo(SW.f) = Rvo(DP,f), because Tsw(Y.d) = 5 w;sWju =
WTTppW, and E(||Tsw - fI?) = E(IWTTopW(Y) - fI*) = E(H;’DP(W(Y)) -
W(NI?) = E(lITpp(w) — 6[1*). Taking infimum over d of the LHS (left-hand-
side) gives Rn.,(SW,f), and infimum of the RHS gives Ry ,(DP, ), recall
Tpp(w,d) = {d;w;};, where d; =0 or 1.

(3) If f~ = WTTppW(Y), we will show that R(f*.f) < (1 + In(&V +

4)) ( +R(DP, f)). But because, Ry (SW.f) =0 (ﬂ‘?_‘v)’

R(f. f) — 0,

at the rate of '~ as N — s. However, if no threshold {NT) is applied the

risk functional is constant in NV

N-1

R(NT. f) = —E(uY %) = ZE(HY £ 20 =g

=0 =0

This serves as a strong motivation for choosing the wavelet based to the

spatial-domain image-registration analysis.

3. Spatially Adaptive Techniques

3.1. Upper bounds on Risk measures

Definition 3.8. Let w; = 0; + oz;, then we define a thresholding nonlinearity

m(z) = sgn(z) [|z] - Al ,

where A = ADI = av2Iln N
FEAZ\ANS = o\2In(2n; + 4= |-

The spatially adaptive thresholding value AP’ was proposed by Donoho
and Johnstone in 1994. In contrast, we define a frequency-adaptive non-
uniform wavelet shrinkage based on the threshold APS.
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Theorem 3.9 [Donoho-Johnstone, 1994]. Let é: = nos(w;), then
~ 1 > 2 o? l . 2 9
R(B.0)= E (||9 - o||~) < (1+2In(NV)) (F + Z Mzn(ﬂ;‘,a")) .
We now present the proof of an analogous result using our frequency-

adaptive thresholding nonlinearity.

Proposition 3.10. Let 6": = n,os(w;), then

R(8.8) = %E (||§-a|§2) < (L+2(1—a)ln(V + 4)) x

!

0'2 2] 1 ] " .
- (W¥W+yZMzn<e.-,a>>.
Let r=1—aqa,thenforr#1

R(8,6) < (1 +2In(N +4)") (2%2-— (Vl— - %) + §RN,¢,(DP,9)) .

Andforr=1

alln N

R(8.8) < (1+‘2ln(N+4))< +>I|‘:,v,a(DP,0)).

Proof: The proof consists of 3 parts. We first show the result for a single
observation with noise-level ¢ = 1. Then we extend this to an arbitrary
noise-level ¢. And at the end we generalize the result to any collection of ¥
observations.

(1) Suppose X ~ N(u. 1), 6§ = (2n; +4)~1=2) n; = 2, ¢ = /2In(5-1), and

ne(z) = sgn(z){|z| — t]+. We try to estimate E((n.(z) — r)?). Observe that

lzl-¢ |zl >t

el =telae= {5t 20 = ey,

Hence, n(z) = sgn(z)[|z| - 2| At] = z - sgn(z)[|z| A t]. Taking the expectation

R=E((n(X) — 1)?) = E((X — pu — sgn(X)[|X| A t])?) =
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= E((X = p)*) =2E((X - p)sgn(XN)[IX| A ) + E([IX| A L)) =
=Var(X) -2P(|X| < t) + E(X>At?) =
=1-2P(|X| < t)+ E(X>At3).

Here we used that I = E((.X — u)sgn(X)[|X]| At]) = P(|X| < t), because

I = 712—?/3 (¢ — u)sgn(z)[|z| A t]e‘(:-;”2 dr =

1 gt
~7= . sgn(z)[jz| A tlde =FE \/_f e = 10(2),
zr , -t<z<0
L _J-t . —o<z<t
where Q(z) = sgn(z)(|z| A t] = z 0<z<t
t , t<r<x
_fdz , zi <t
And dQ(z) = { 0 | o>t Thus
e~ =Fdz = P(IX) < ¢)
T J\z|<t

We now construct two different bounds on R and express the fact that R
is less than the minimum of them.

For one thing, X?A¢* <t? and R< 1 -2P(|X|< t) + E(t?) < 1 + ¢2

Secondly, X* At < X* and R < 1 -2P(|X| < t) + E(X?) =1 -2P(|X| <
)+ Var(X)+p? = 1=2P(|X| < t) + 1+ p? =2(1 - P(|X]| < t)) + > = 2P(|.X]| > ) + p2.

Note that P(}X| > t) is implicitly a function of the (unknown) parameter
p (because X ~ N(u, 1)), so we let g(p) = 2P(|X| > t) and try to find an upper
bound for g. Since g is infinitely smooth, for every x we can expand it around
the origin in a Taylor series

a2

-

9lu) = 9(0) + 4O +9"() &,

—t o 2
g(,u)=2P(|X[2t)=7?2_;[ e ‘—’“-dz+/ e~ =3 d:z:].
-0 t

g'(u) = %[/- (z — e~ dz+/°°(1:—;z)e‘(=—-;'ﬁdx]=
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s>

[ _(t+u22 _!t—u)’]
—€ 2 +e 32 .

Thus, ¢'(0) =0 and

2 _t=m?

9"(p) = o [(t —plem T —(t+uple

_mﬁ]
2

v

(lg" ‘Eu)ll#z'

1

g(u) < 9(0) + max

We first estimate

7(0) = % U_ e-4dz+/w e-%dz] = 4d(—t),

¢ 2
where ®(t) = &x(t) = 727/ e~ Tdz is the cdf of X ~ N(0, 1).

4 *® a2
4P(—t) =4P(X < =t) =4P(X > t) = — “Tdr <
(=¢) ( ) ( ) ) e <
4 wz =2 4 o 2
< —_— —e"1dr < — de™ 7T =
- 271'/, t - t\/27r/, ¢
L F < (21 )eF
= 2 = =7
t\/§7_l’e _( + )e )

fort> 1.

We are now interested in determining an upper bound for the magnitude

9 _=w)?

of ¢"(n) = 7= [(t — e TE —(t 4 p)e=H 1]‘

mgXIIQ"(#)Il <

Jem? )

‘ -

<2 rnax”( ple” t+ple” "3
n

(—ple” = (t+ple” 77
oI+ max | S|

~

x

= 4max|| =2 || < —
- z V2r  ~ \/2me’

2
since u(z) = zé(z) = %',_,—;"- has a maximum of 7,‘,‘”—e at z = 1.

Combining these two bounds for ¢(0) and ¢"(u) we obtain an upper bound
for g(u) < (£ + e~ T + 22, Going back to the performance estimate as
measured by the risk factor

L 4¢3

R = E((m(z) - p)*) < { e T2+ 1)+ 2 4 p?
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for all ¢t > 1.
Thus, R < { (1+8)(1 LT <) e T ruial, forall ¢ > 1.
t*+ 1)(e”7 +p°) B
(2) How would this bound change if we apply it to § ~ N(4,0%)?
(0 = p,§= p+e e~ 1V(0,02)) .
Let X ~ N(6,1). Denote § = e-%. Then, we showed R(X,t) = E((n:(z) —

8)?) < (1+t2)(6 + 62 A 1). Define § = ¢.X ~ N(u,0?), where u = of. Let

t = o\/2In(2n; +4)1=2)
R(8.t) = E((n:(8) - p)) = E(((8 - p) — sgn(8)[|6] A 1])7) =
= E(((¢X — 08) — sgn(X)[a]|X| A t])*) =
= °E (((x —8) — sgn(X)[|X] A é])) =

=0‘23<X, ) =c*R(X,t)) < a? (1+18]) (' +6° A1),

Qe

¢ 3

‘2
where t; = £ and 6’ = e 37 =¢~+. Then,
R(8.t) < (1 +8)(0%8 + (a6)* A (0°) =

= (1 + )28 + p2 A (0)) =

1/

1
= / (1-a) : _ 2 2
=(14+2In(V +4) )(a’ 2n; 4)(1_a)+y Ao ))

(3) Finally, we consider the situation when we have N observations 4 =

{8:}: = {8;x};x, Where 6; ~ N(6;,0?). In matrix notation § ~ N(Q, ¢21).

RO, = 3 E(In@) - OIF) = 5 3 R 1)
. 2

Recall that we work with

t=A0% = a'\/2 In [(2n; + 4)(1=2)] =7y [21n [H :

The restrictions on the parameter ¢t is ¢t > 1.
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In summary,
R(8,6) <

L ¥
_E 2 + 4)(1-2) < E: 2 2
< i j l:(l-i-?ln(..nj +4) ) (cr @n; £ 40 + 4 O Na )l

Define r=(1-a). fr=1

R(8,6) < (1 +2In(N + 4)(1=)) [aﬁi + L > o6 az] =
d

= (1+2In(N +4)17%) [03% +Ry.a(SW, o)]

2
=(1+2In(V +4)) [a’ 5 +R~,,(SW,0)] .

If r # 1, note that

T 27 o Ll=@inH
r (29+1 +4)r = 2r 1 = 9i-r -

1 Ne |
— oN(=r)y 2
- 2r-2(l N )= 2 —2i-a)

Therefore, in general,

- , 1 1 R
R(8.6) < (L +2rin(N +4)) [a Vi 5a=a (V- 1) + R o (SW, o)] .

What are the restriction on «? We have that

t=APS = /2In[(2n; + 9)(-2)] > 1

This restriction is satisfied provided 0 < a < 4 for all n; = 2i. Typically, the

threshold a = 0.05, mimicking statistical significance level of testing.

3.2. Optimality Properties of DJ and DS Estimates
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Let Y = f+oe, and f be an estimate of f. Denote w = WY, 8 = Wf, : = We
and 6 = W7 .
Note: (1) |If - Fll=1W(f - Al = ll6 -8l
(2) Tsw = WTTppW. Hence, R(Tsw(Y.d). f) = +E(||Tsw(Y.d) - f||?) =
YE (W (Tsw - HIP) = $E(ITop(W(Y).d) - 811%) = 4 E(ITpp(w.d) - 6]]2).
(3) Let 8; = na(w:) = sgn(w;) lwi| - Al,., where

{z\DJ ov2ln NV }
'\= /\DS .

o\/2In(2n; + 4)(1-)
Define f = WTgWw (Y). Then, by note (1),

RUF.1) = 3 EUIF - A1) = B0 - 0I1) = R@.0)

Therefore, by Proposition 3.10 for 0 < a < 0.5,

o2 No—| o
NV 3 gims +Rya(SW, f)] _

R(fos. f) = R(8.6) < (1 +2(1 - a) In(N +4)) {
Whereas, by Theorem 3.9, the upper bound for the Donoho and Johnstone’s
estimator is

R(fps.f) < (142l N) (% + R0 (SW, f)) :
Question: Are there estimators f that can make the first term of these upper
bounds smaller?
Answer: Essentially, there are no such estimators!

Examining closely the proof of Proposition 3.10 we see that there is a
dependence between the two terms involved in the upper bound of R(fps. f).
A decrease of one of them causes the other one to go up. Therefore, to study
"optimal” estimators we fix, say, the second term in that product and try
to find estimators that make the first term smaller. The following theorem,
proven by Donoho and Johnstone in 1994, shows that the thresholding level
Aps = o/2InN yields an optimal estimator fp; = sgn(w)[jw| — Ap,]+, in the
sense that it achieves the smallest possible upper bound for the risk R(F, f),

having the second term (¢2/N + Ry, (f, %)) fixed.
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Theorem 3.11 [Donoho & Johnstone]. In the above setup,

LE(|I6 -6
inf sup

~2IlnN.
@ 8eRN % z +—\,-Zmzn(8,,o)

We will now investigate optimality properties of our estimator fps using

the same approach.

Proposition 3.12. For @ = 0.0 and Aps = /2In(2n; + 4)

‘E(nﬁ 8|1%) 4
inf sup ~=InN.
8 %RV ol + & me(e ) 3

Note: Compare to R(fps, f) < (1+2In(N +4))(c* s + £ > min(f2,0%)).

The difference between the multiple # in the optimal efstimator and the
multiple of 2 in front of the In ¥ factor in our estimator is small. But can
we make this difference even smaller? We like to get an upper bound for the

risk function as close to the ideal as possible using an analogous "frequency-

adaptive” thresholding approach.

Proposition 3.13. In fact, if Npg = \/21In(fn; +4), then

LE(|6 -0 :
inf sup ~E(l16 - 6II°) L2

In V.
# oY alsy 4 ) min(ff,0?) Ol
i

Note: The proofs of Propositions 3.12 & 3.13 follow directly from the

proof of Theorem 3.11 (Donoho & Johnstone), by replacing the factor % in

N
the upper bound for the DJ estimator risk, by o>

; I
Z(ﬁn, +4) Zﬂ——

Jj=0

£+ This is because,

c;lk. q"

. LAY
and R(fps.0) < (1+ 21n(BN +4)) [v 3> (ﬂ—era?N,a(SW,a)].
j=

Corollary 3.14. For 8 << N, but 3 large, our frequency-adaptive thresholding method
Aps = o\/2In(BN + 4) induces an "almost-optimal” estimator 8¢ = sgn(w)(|w| — Nps]+
with

o2J

R(@DS,B) <(l+Ing+2In(N +4)) [ + Ry o (SW, 0)]
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This corollary is a direct consequence from Proposition 3.13. It simply
says that for every ¢ > 0 we can find 2 large such that the risk of the induced

estimator f is essentially bounded above by 2(In N)Ry . (SW, f), when the ideal

risk has order ZZ(In V)Ry o (SW, f) > (2 — €)(In N}Ry.o (SW, f).

4. Applications and Examples

4.1. Function Denoising

Example: The WT of the "Heavy-Sine” function was thresholded us-
ing 3 different schemes: Uniform Thresholding at 99% (Uniform); Donoho-
Johnstone Optimality approach (DJ), and by our frequency-adaptive thresh-
olding technique (DS).

Figure 62. Differences between Uniform, DJ and DS
thresholding of the wavelet coefficients.

This example shows that indeed there are some differences between the
three function estimators using different wavelet thresholding approaches.
From this picture, however, it is not possible to quantify estimator perfor-
mance since only the ("noisy”) observations (solid curve) are given and not

the real data.

4.2. Classification of image-registration techniques
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As we pointed earlier, the process of wavelet space thresholding can be
viewed as a tool for robust and concise image representation. The particu-
lar scheme for wavelet shrinkage used in this process is constructed so that
it induces "optimal” (in a minimal risk functional setting) estimators, and
provides a meaningful procedure for signal denoising. We will now show
how we use these "ideal” function estimators to perform image analysis in

compressed wavelet space.

One of the main goals of image registration is to be able to compare
groups of images and identify common regions of interest. Thus, to evaluate
group performance of various warping techniques we used the ”clustering
group classification” (CGC) scheme proposed by DW Sumners. The idea
is that we prefer alignment techniques that reduce the convex-hull of the
warped data images, regardless of the target of the image-registration or the
initial differences between the signals. There are two classifying functionals
we used in our study; The diameter of the convex-hull of the group of warped
data, and the "average-diameter” - as measured by the average pair-wise
distances in reduced wavelet space - of the group of warped data. The smaller
the values of the diameter/average-diameter the better the image-registration
method. We now present the analysis and quantitative evaluation of three
warping techniques LS (least squares), MI (mutual information) and AF
(affine), see Section 1.5.3.2, applied to a set of five PET stereotactic images.

The results in Table 15, and Figure 63 clearly indicate that the group-
ranking of the three image-registration techniques is: MI, LS, AF (best-to-
worst). This is in agreement with the Kjems et al. univariate warp analysis
of these 3 alignment methods.

Do we gain anything (rank robustness, sensitivity increase) by using
wavelets as opposed to performing the usual "time domain” analysis? To
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Table 15. Results from the Cluster-Group-Classification
of the LS, MI and AF warps of the PET data
using three different wavelet thresholding schemes

Measure | Warp Unliggrm DJ DS
Diameter| LS 1029 | 958| 976

of | M 992 | 923| 94I
Convex

Hull | AF || 11.67 | 10.89]| 1111
Average| LS 706 | 647 662
Distance 690 | 631 45
Between MI - - 6.
Pairs AF 849 | 7.84| 802

Figure 63. Planar representation of the wavelet analysis in Table 15.

answer this question we compare the image-space (spatial-domain) analysis
with the compressed (under different thresholding schemes) wavelet-space
results. In Tables 16 and 17, 100% refers to the the case of no threshold-
ing which is equivalent to image-space analysis, since all wavelet coefficients
(100%) are used to determine distances, and the wavelet transform is an
orthogonal linear mapping that preserves distances. DJ and DS refer to
”Donoho-Johnstone” and our thresholding schemes, respectively.

Even though there are no ranking differences between the spatial-domain
and the wavelet-space analyses, there are small but robust sensitivity im-
provements in favor of the wavelet-space analysis. For example, using the
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Table 16. Sensitivity increase in warp ranking of the wavelet-space
analysis as opposed to the spatial domain analysis using
the "diameter of the convex-hull” measure.

Warp | DI | 100% Warp | DS | 100%
LS 9.58 | 11.28 LS 9.76 | 11.28
MI 9.23 | 11.00 Ml 9.41 [ 11.00
AF | 10.89 | 12.67 AF | LLI1§ 12.67

Table 17. Sensitivity increase in warp ranking of the wavelet-space
analysis as opposed to the spatial domain analysis using
the "average-diameter” measure.

Warp | DJ | 100% Warp | DS | 100%
LS 647 | 795 LS | 662 { 795
MI | 631 | 784 MI | 645 | 784
AF | 7.84 | 9.36 AF | 8.02 | 9.36

"average-diameter” classification functional, the difference between the first
(MI) and the second (LS) ranked warps in the DS wavelet study is 0.17 as
opposed to the 0.11 difference between the same warps under the image-space

analysis.

5. Discussion

The problem of finding good function estimators, based on the data alone,
that have risk functionals close to the oracle-based ideal risks was first ap-
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proached from the classical theory point of view using Fourier analysis (e.g.,
Efroimovich & Pinsker [1984]). Some of the inherited limitation, however,
of the Fourier basis functions, as discussed in Section I.2.1, inclined Donoho
and Johnstone to look at the problem of evaluating function estimators using
wavelet analysis. They showed that on discontinuous functions their wavelet
based spatial adaptation approach produces better results and achieves rates
of convergence of the order of In® N/N.

Lately, Efroimovich (personal correspondence) proposed an exponentially
increasing frequency-adaptive wavelet thresholding scheme which seems to
perform, empirically, visually and in terms of compression, not worse (and
in some cases even better) than the approach of Donoho and Johnstone.

We, on the other hand, employ a frequency-adaptive wavelet shrinkage
that increases only as a power function with the increase of the frequency
index of the wavelet coefficients. It is true that all of these function estimators
attain risk functional of the order of In* ¥/N, but there are finer differences
in the constants involved in their rates of convergence.

In contrast to the work of Donoho and Johnstone and Efroimovich we
are not interested in a visual, or other, spatial domain inspection of the
results of the denoising procedure. We perform our warp quality analysis in
"compressed” wavelet space and the outcome of our study reports only the
final image-registration ranking. Image denoising is only used as a motivation
and a theoretical basis for the proposed transform space warp classification

analytic approach.
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CONCLUSIONS

In this work we develop, implement and test two methods for modeling
and interpretation of human brain anatomical and functional data. Within
the scope of our transform-based (mathematical) model we introduced a new
discrete algorithm (Reverse Quadtree Partitioning) for determining of effi-
cient fractal interpolations of signals. This method targets the best possible

fractal encoding based on quadtree-type domain partitioning.

Extracting the self-similarities and the affine self-symmetries of images
in fractal transform space proves to be very computationally expensive. To
make the process feasible and deterministic we presented a new classifica-
tion scheme that significantly reduces the computational complexity of the
discrete fractal transform without limiting or affecting the essential fractal
space of the data. This skewness-based classification method makes possible

obtaining the DF'T of 2D images within a few minutes.

The transform-based image analysis technique has wide range of applica-
tions. We engineered metrics on transforms of signals that help determining
the similarities and the differences between two images and quantifying the
performance of various image registration and alignment procedures. This
model can also be adopted for segmentation, magnification and enhancement
of images. The main advantage of our transform-based warp classification
schemes is that they are completely automated and do not require human

interaction in the process of quantifying image-registration.

Our second model (Sub-Volume Thresholding, SVT) is geared toward
analyzing the statistical significance of regions of activation of human brain
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metabolic studies. In general, human brain functional data comes with low
signal-to-noise ratio. The SVT technique attempts to extract the regions
of relevant (in statistical sense) brain activation in difference images, under
various paradigms, for single or multi-subject studies. Prior information
about the study can be incorporated into the model through selecting an
appropriate topological partitioning of the search region.

Developing the SVT technique we naturally encountered a family of con-
tinuous functionals, which we prove induces a legitimate class of valid covari-
ograms. In addition, we derived closed mathematical forms for the correction
factors of the variance estimates for rectangular-type anatomical partition-
ing. For the cases of more complex domain partitions we introduced a scheme
for stochastic approximation of these correction factors. Finally, the SVT
model was verified by testing it on the well-known and understood motor-
studies, and compared to a uniform simple 97% thresholding approach.

Even though the transform-based and the SVT techniques are tested only
on human brain data they show promise in addressing problems associated
with the analysis and interpretation of structural and functional medical
data, in general.

Finally, in chapter III, we propose a new thresholding method that yields
close to optimal function estimators. This scheme is different from the one
introduced by Donoho and Johnstone [1994], because it uses "frequency-
adaptive” thresholding nonlinearities. We showed that, under certain con-
ditions, we can essentially produce estimators with risk measures approxi-
mately equal to the ideal risk. The model we developed is applied to quantify
the group performance of a family of image registration techniques applied

to collections of PET volumetric data.
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APPENDIX

One of the long time goals of human kind is to be able to see what no
one else has ever seen. In particular, people have been very interested in
learning what is inside the human body. What is the internal structure of
the body and how it functions. In our work we are primarily concerned with
modeling anatomical and functional images of the human brain. But all of
our models require digital 2D, 3D or 4D (time series) representations of the

brain data.

There are two fundamental brain mapping techniques people are cur-
rently using: Invasive and Non-invasive. Post-mortem tissue cryosectioning
and optical intrinsic signal (OIS) imaging are the main "invasive” brain imag-
ing tools. Cryosectioning involves physical axial slicing and photography of
the entire post-mortem brain. It has the highest (spatial) resolution one can
hope for, however, it is not very practical because of the terminal nature of
the process. In addition, one needs a fairly good algorithm for reconstructing
the 3D structure of the brain from the available (unregistered) 2D snapshots.
Also, physical tissue sectioning measures structural but not functional infor-

mation from the sample.

OIS imaging is frequently done during neuro-surgical procedures when
part of the brain can be physically exposed to white light. By photographic
means one can again observe the cortical surface of the brain and track the
distribution and spread of CBF (cerebral blood flow) over the 2D region of
interest (ROI). If the subject’s brain is sequentially stimulated under different
activation paradigms one can obtain valuable functional information. The
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main drawback of the OIS brain imaging is the fact that it produces 2D
cortical images and it involves excision.

The "non-invasive” stereotactic brain mapping techniques include: CT
(Computed (Axial) Tomography), PET (Positron Emission Tomography),
SPECT (Single Photon Emission Computed Tomography), MRI (Magnetic
Resonance Imaging), and fMRI (functional MRI). Generally speaking, they
all have the advantage that they are reproducible and unlike the "invasive”
methods do not require surgical procedures and have no long time harmful
effects. On the other hand the non-invasive scanning techniques suffer from
low spatial resolution and somewhat low sensitivity.

The main differences between the various brain imaging methods are in

the length of the waves of the electro-magnetic signals they use, Figure 64.

CT
PET l oIS MI[
< X-rays E Eo Infrared Radio Waves
2 .g g 2 TV v
S 8213 Rays Radar £2| AC
- > E i M 52 Circuit

Lo ]10™] 1010 | 10% ] 10* | 102 ] 1d® |16t |16t | i | 1df |
WAVELENGTH IN METERS
Figure 64. Electro-magnetic spectrum

For example, positron-electron annihilation (in PET/SPECT studies)
produces vy-radiation (£, energy) in the 511-keV range. Using laws of physics,
v h=Eandc=X v, where E is the energy of 1 photon, v is the frequency
measured in Az = L, ¢ = 2.9x10%m/ sec is the speed of light, ) is the wavelength
and h = 6x 10734J/ sec is the constant of Planck, we can calculate the frequency

of the PET imaging, v = 311x10%ey = 1.97 x 10!°Hz. And therefore, the

27 x4.135%x 10~ 1%V sec

wavelength is A = £ ~ 10~ !'m.
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Similarly, the MRI imaging does not measure the wavelength of the radio
frequencies (RF') but rather uses the RF pulses to alter the spin and the
magnetic moment of the hydrogen nuclei.

We now describe the foundations of the most commonly used non-invasive

brain imaging modalities: PET, MRI, fMRI.

1. Positron Emission Tomography Imaging

Positron Emission Tomography is an imaging modality which provides a
unique insight into human and animal physiology and allows us to measure
biochemical processes and interior organ functioning in living biological sys-
tems. PET can be used to monitor and record cerebral blood flow (CBF)
and the rate at which glucose is utilized by the brain. In the mid-70’s the
PET imaging developed as a research tool, but it did not get widely used
until the technology of the medical cyclotrons advanced dramatically in the
1980’s {Saha et al., 1992]. Its predecessors, the SPECT imaging instruments,
were introduced in late 1950’s and were applied first for studying the cerebral
function [Lassen & Holm, 1992]. SPECT uses heavier radioactive isotopes
(that do not require on-site production because of their long half-life) which
emit a single y-ray (photon) upon collision with an electron. By administer-
ing radioactive isotopes, like the ones listed in Table 18, to living systems,
tracer spread and activity is observed, recorded and quantified.

Radiation is defined as the propagation of energy from one state to an-
other. This is a process that naturally takes place everywhere. Nuclei that
can spontaneously transform an atom of one element into another, with emis-
sion of radiation, are called radioactive nuclei. There are at least three forms
of radiation emitted by unstable nuclei: (low energetic) a-particles, emit-
ted by the nuclei of helium atoms; g-particles, (positively charged) nuclear
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Table 18. Physical properties of commonly used positron emitting isotopes

Half-life |Max Energy| Range (mm
ISOTOPES (min) (keV) ge (mm)
Carbon-11 20.4 960 0.69
Nitrogen-13 9.96 1190 0.91
Oxigen-15 2.07 1720 1.44
Fluorine-18 109.8 640 0.38

electrons; and (high energetic) y-rays, photons. Smaller atoms are nuclearly
stable if the number of protons (pt) is approximately equal to the number
of neutrons (n°). Relative increase or decrease of either one makes the atom
unstable and it naturally reconfigures its nuclear structure by emitting radi-
ation. For example, if a heavy atom has too many protons in its nucleus one
proton will eventually become a neutron. By laws of energy conservation a

positively charged electron (positron) is released.
pt — n°+et

Because of the short half-life of the radio-isotopes used in PET studies
these tracers need to be produced on-site in the necessary amounts. A Cy-
clotron is a particle accelerator, composed of D-shaped electromagnets, that
is used to produce high-energy ions by accelerating particles (like protons,
H*, or deuterons, D**) in a circular orbit. Once these high energy particles
reach the necessary extraction energy (approx. 15 MeV) they are pulled out
from their orbits (surrounding electrons can be stripped off by a thin car-
bon foil) and bombarded onto a stationary target. The collision yields the
positron emitting isotope used in the PET study.

The PET camera does not actually detect the number of positrons in the
sample, but rather counts the number of photons given off in the process of
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positron-electron collision. Again by the law of conservation of energy the
mutual annihilation of the beta-particle (positron) with a near-by electron
results in the emission of two photons traveling in opposite directions from
one another at nearly 180°. These photons are detected, multiplied (using
photo-multiplier tubes) and converted to electric impulses. Because each of
the detectors in the tube surrounding the subject is coupled with several
detectors on the opposite side, one can measure the approximate amount
or the radioactive tracer in the particular axial slice. Detector D, records
a photon hit if and only if the dual photon is detected at the same time in
one of the other detectors coupled to D,. A typical PET scanner has 3-10
concentric circles of detectors 1-2 cm apart. Each circular band consists of

36 opposite pairs of detectors (5° apart).

The PET cameras have two main identifying parameters: resolution (the
ability to accurately locate positron-electron annihilation); and sensitivity
(number of events registered per unit dose of isotope). Because image qual-
ity depends explicitly on the number of strikes detected, the signal-to-noise
ration of the PET images is strongly influenced by the scanner sensitivity. As
Table 18 showed there is a relationship between the mean-range-to-collision
of the positrons and the half-life of the administered tracer. Better spa-
tial resolution is achieved using slowly decaying positron-emitting isotopes,

which may have longer effects on the subject.

A basic problem in determining the exact spatial position of the emit-
ted pair of photons is accounting for the distance traveled by positrons be-
fore annihilation with an electron. In water, for example, the mean range
of positron-travel after emission is 0.46mm and 1.8mm for Fluorine-18 and
Oxygen-15, respectively. The distance traveled by the g-particles from emis-
sion to electron-positron annihilation can be modeled as a random variable
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with a standard normal (Gaussian) distribution. This, along with the fact
that brain physiology and activation do not exhibit sudden drastic (discon-
tinuous) changes, justifies our spatial auto-correlation model we developed in
Chapter II. Further, we can now explain the validity of out hypothesis that
the voxel intensities of the difference image are normally distributed; We
now show that the arrival times of simultaneous counts in the dual opposite
detectors can be thought of as a large scale Poisson process and can be well
approximated by a Gaussian distribution.

Binomial Distribution. Suppose the event A occurs with probability p at

each trial, and it does not occur with probability ¢ = 1 —p. We are interested
in the number of times 4 happens in an n—trial experiment. Let X be the
random variable representing the number of times the event A occurs in n
trials. Then for n =1 P(X = 0) = ¢q and P(X = 1) = p. Thus, the probability
density function for X (Bernoulli trial experiment, n = 1) is fx(z) = p©q'~%,
for r = 0,1. For n—trials we can extend this to the pdf (probability density
function) of an n—trial Binomial distribution with probability of success p

(B(n,p)). The probability of the event that X =z, r=0,1,2,---,n, is

frlz)= (")p‘q"-”.

I

Poisson Distribution. A Poisson process is a sequence of events randomly

spaced in time (e.g., Geiger counter clicks). The rate u of a Poisson process
is the average number of events per unit time (over a long time). The prob-
ability of n arrivals, for one unit time interval, is P(X =z) = fx(z) = &e*. A
basic property of the Poisson distribution is that the number of arrivals in
two disjoint time intervals are independent of each other. This distribution
is a convenient approximation of the binomial distribution in case of a large
number of trials and small probability of success in a single trial. This is
given by the following theorem [Kreyszig, 1970].
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Theorem. For a fixed z, if n — o0 and p — 0 with np — p < oo then the pdf of

B(n, p) approaches fx(z) = ‘f:—e"‘, asn — oo.

Normal Distribution. A random variable X with mean u and variance o2

is said to be normally distributed, X ~ N (g, ¢?), if its pdf has the form

fr(2) = —me™
(T} = e 20
x V2ro?

The normal distribution can also be shown to be a useful approximation
of the binomial distribution when n, the number of trials, is large [Kreyszig,
1970].

Theorem. Let 0 < p < | be the probability of success in a single (Bernoulli) trial. For

large number n the pdf of the binomial distribution B(n,p) can be approximated by the

normal distribution with mean u = np and variance 0> = npq. Thatis, forr =0,1,2,---.n,
n r n—r 1 —tz—np)?
x e~ EImpe .
<I)p 1 Vvimrnpgq

The fact that the Poisson and the normal distributions both approximate
the large scale (large number of trials, when probability of success goes to
zero) binomial distribution yields that for large n the pdf’s of N (np, npq) and
Poisson(np) are close to each other.

Another inherent property of photon emission is a phenomenon known as
attenuation. If two dual photons travel different distances and/or navigate
through tissue of different (density) type, then they are unlikely to strike
two dual (opposite) detectors at the same time due to attenuation. This
introduces another smoothing of the image (low-pass Gaussian filtering) that
decreases the spatial resolution of the PET images.

The above mentioned problems of reconstruction and sensitivity of the
PET scans are outweighed by its overall usefulness as a tool providing quan-
titative information in biological units (grams of glucose consumed per 100
grams of tissue per minute) about human brain function and metabolism.
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2. Magnetic Resonance Imaging

The Magnetic Resonance phenomenon, also known as Nuclear Magnetic
Resonance (NMR), was first introduced in 1946 by two groups of researchers
Bloch, Hansen and Packard [Bloch et al., 1946]; and Purcell, Torrey and
Pound [Purcell et al., 1946]. The first MRI images of living systems, however,
were not due until 1973-74 [Lauterbur, 1973, Mansfield & Grannell, 1973].

MRI is a powerful, high spatial resolution, non-invasive imaging tech-
nique, that, unlike the computed tomography (CT) and PET scanning, re-
quires no ionizing radiation. There are many tissue parameters that affect
the MR signals. The two most significant parameters, the T; and T, relax-
ation times, cover a wide range of values for various types of tissue. Signal
acquisition parameters can be manipulated by the investigator in a variety
of ways allowing control over the contrast characteristics of the MRI image.
Besides the many advantages the MRI technology offers there is one main
limitation; poor sensitivity. Because of the physical laws that govern the
equilibrium of the magnetic moments, the signal level in MR data is low
and depends on the strength of the background magnetic field. For human
studies field strength of about 1.5 - 7.0 T (Tesla) are used. For comparison,

the Earth’s magnetic field is approximately 0.5 G, and 1T = 10,000 G.

According to the theory of quantum mechanics of atomic structures most
nuclei posses a property called spin angular momentum, which is the basis
of nuclear magnetism. Because some atomic nuclei are positively charged,
the spinning motion causes a magnetic moment which is co-linear with the
spin axis. The strength of this magnetic moment is a property of the type
of nucleus and thus determines the sensitivity of the MRI image. In the
absence of external magnetic field the nuclear magnetic moments are ran-
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domly oriented in space. However, if we apply an external magnetic field,
F,,the nuclear magnetic moments align (almost) parallel (lower energy state)
or anti-parallel (higher energy state) to F,. Since the energy difference be-
tween the two states is small, ambient thermal energy causes the two states
to be approximately equally populated (at about 75 F° the population ra-
tio is about 100,000 to 100,006). It is only the net nuclear magnetization,
arising from this small population difference, that accounts for the signal
detected by the MRI device. Researchers in biology, physics and chemistry
frequently acquire microscopic MRI images to determine the structure of
DNA molecules, various crystallized proteins and viruses. How do they ob-
tain such highly sensitive NMR representations in microscopic detail? The
answer comes from the fact that at temperatures close to the absolute zero
(0 K°) all of the nuclear spin magnetic moments of the atoms will align
parallel to the field (low-energy state). Because of that performing NMR
to crystallized samples at low temperatures produces strong (parallel versus
anti-parallel) signal and high resolution images. This, of course, is not appli-
cable for human and other living system studies, which imposes a limitation

on the sensitivity characteristics of the MRI technology.

The spin magnetic moments of the nuclei precess around the external

field F,, because their spin-axes are not exactly parallel or anti-parallel to

F,, but rather at a small angle, Figure 65.

A spinning top on the ground can be thought of as a model for this
precessive motion, where the external field is the Earth’s gravity. The top
would almost never stand exactly vertical, but will precess about the vertical

axis of the gravity force.

The precessional frequencies of the individual spins around the magnetic

149

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Figure 65. Precession of the nuclei spin-axis around the direction
of the external field.

field are given by the Larmor equation
1F, = v,

where v is the precessional frequency, F, is the strength of the ex-
ternal magnetic field and v is a constant determined by the type of
nucleus and its magnetic moment. For instance, hydrogen nuclei have
vy = 425TH:/Gauss. Therefore, in a 1.5 T magnetic field the frequency
v = 15,000Gauss x 4257H :/Gauss = 64M Hz. Indeed, a very fast precession rate.

To detect a signal a resonance condition (alternating absorption and
dissipation of energy) is established by a radio-frequency (RF) perturbation.
Applying a RF impulses at the Larmor frequency v yields transition of spins
between the two (high and low) energy states. This effects only the nuclei
having precession frequency equal to ». The RF radiation can be regarded
as another external magnetic field F| perpendicular to F,, along a given
axis in the plane transverse to F,. If the RF is on for a short period of
time this would rotate the net magnetization (of the particular nuclei having
precessional frequency v) by a certain angle away from the axis of the field
F,. This angle is called flip angle and it is proportional to the duration of
the RF and its amplitude. If the net magnetization is tilted away from F,
its precession about F, would induce a small alternating current (AC) that
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can be detected. (Recall that regular car alternators generate electricity by
rotating a "rotor” inside magnetic field.) As time goes on (in milliseconds)
the net magnetization tends to align back in the direction of F, and the AC
current decreases. This process, known as relazation, can be modeled as an
exponential decay. If M, is the initial transverse magnetization (immediately

after the RF'), then the magnetization at time ¢ is
M, = Moe™ T3,

where T» is a (spin-spin) relaxation time that characterizes the decay
of the net (transverse) magnetization to F,. Therefore, at time T», My, =
M,e~! ~ 0.37 x M,, the net transverse magnetization has decayed to 37% of its
initial value.

The reason of the observed decay of transverse magnetization is the fact
that different components of the magnetization may precess at slightly dif-
ferent rates. This is known as transverse plane dephasing. The main (but
not the only) cause for dephasing is the inhomogeneity of the background
field F,. Spins at different locations are not exposed to exactly the same
magnetic field F,. This in turn yields a range of Larmor frequencies. The
results of various precessional frequency components of the net transverse
magnetization, M,, is a spread over time, of its components, which leads to
loss of phase coherence and self cancelation of the signal.

Simultaneously to the spin-spin relaxation another process restores the
"longitudinal” net magnetization after the RF pulse. If M is the longitudinal
magnetization at time ¢, M, = 0 since the net magnetization is in transverse
plane immediately following the RF. It gradually increases with time to its
initial value M,, before the RF went on. We can calculate M; using the
exponential model

M= (1- ),
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where T; is the spin-lattice relaxation time required to decrease the difference
between the current value of M/ and the equilibrium value M, by a factor of
(1- L) = 63%.

The percent concentration of water molecules in a given tissue type would
effect the MRI signal, since smaller amounts of hydrogen would show shorter
relaxation times than anatomy with higher hydrogen concentrations. Ef-
ficiency of relaxation is also influenced by the strength of the background
magnetic field, F,, because the relation between the Larmor frequency » and
the difference between the two energy states AE = E, — E;. The cumulative
energy parallel and anti-parallel spins are denoted by E, and E., respectively.
The higher the magnetic field, F,, the higher the Larmor frequency v and in
turn larger AF is supplied to the system, which yields increased sensitivity
and stronger signal.

Finally, complex 2D and 3D image reconstruction techniques and Fourier
analysis are employed to find the spatial location of the AC signals and

reconstruct the stereotactic (volumetric) image [Horowitz, 1995, Toga 1996].

3. Functional Magnetic Resonance Imaging

The first fMRI (functional magnetic resonance imaging) scan of brain
metabolism was done in 1991 by Belliveau and his colleagues [Belliveau et
al., 1991]. They initially used echo-planar techniques to measure the amount
of exogenous contrast enhancement injected into the subject. Later, the same
group used gradient-echo and spin-echo inversion recovery fMRI to examine
the hemoglobin deoxigenation and blood flow rate [Kwong et al., 1992].

The fundamental principle of fMRI imaging is to quickly acquire (40
msec) a series of 2D slices of the sample, with inner-plane spatial resolution
of about 1 mm. It takes a few seconds to produce a 3D volumetric data set
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of say 128 x 128 x 120 voxels. Typically, every fMRI scanning session involves
several sub-sessions, each being a temporal sequence of approximately 12-15
alternating stimulus and rest paradigms. Thus, the intensity at a single voxel
may vary as shown on Figure 66, where the dashed lines separate the times

of the two activation conditions.

V()

Figure 66. Time series representation of the change of intensities at
a single voxel location due to alternating stimulus/rest conditions in fMRI.

Neural activity causes an increase in regional Cerebral Blood Flow
(rCBF) to compensate for the increase in metabolic activity. The body
actually over-compensates for the increased metabolic activity by providing
in excess oxygenated hemoglobin in active brain tissue.

The deoxygenated hemoglobin is paramagnetic while oxyhemoglobin is
diamagnetic. Thus, the MRI technology can discriminated between the two
types of blood. In a region of activation we have more oxygenated blood
than we did before the activation started. This results in a net decrease of
paramagnetic material in the active cerebral tissue. Therefore, we get a net
increase in the signal for the activated areas due to less dephasing of the

signal.
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